Chapter 4

Model-Driven Evaluation of the Emergent
Complexity of Cooperative Work Based
on Effective Measure Complexity

In this book, the main improvement on Grassberger’s original definition of the
effective measure complexity EMC, which is based on classic information-
theoretic quantities like Shannon’s information entropy that were developed to
evaluate stochastic processes with discrete states, is the generalization of the theory
and measures to continuous-state processes like that generated by the previously
introduced VAR(1) model of cooperative work according to state Eq. §. However,
Li and Xie (1996), Bialek et al. (2001), de Cock (2002), Bialek (2003), Ellison
et al. (2009) and others have already pioneered the generalization of Grassberger’s
concepts toward continuous systems in their works, and we can build upon their
results. Their analyses show that we must primarily consider the so-called “differ-
ential block entropy” (Eq. 233) and the corresponding continuous-type mutual
information (Eq. 234) as basic information-theoretic quantities.

In general, the differential entropy extends the basic idea of Shannon’s infor-
mation entropy as a universal measure of uncertainty about a discrete-type random
variable with known probability mass function over the finite alphabet X to a
p-dimensional continuous-type variable X with a probability density function f[x]
(pdf, see previous chapters) whose support is a set X”. The differential entropy is
defined as:

H[X] := —prf[x]long[x] dx. (232)

The differential block entropy (cf. Eq. 219) is defined in an analogous manner as:

H(n) :=H[X"] = —J . J Flxy - xallogy flxt, ..oy xy] dxy ... dx,. (233)
xr JIxe

In the above equation f[xy, .. .,x,] denotes the joint pdf of the vectors (X, .. .,X,)
with support X"7.
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The information entropy of a discrete-type random variable is non-negative and
can be used as a measure of average surprisal. This is slightly different for a
continuous-type random variable, whose differential entropy can take any value
from —oo to co and is only used to measure changes in uncertainty (Cover and
Thomas 1991; Papoulis and Pillai 2002). For instance, the differential entropy of a
continuous random variable X that is uniformly distributed from O to a (and whose
pdf is therefore f[x] = 1/a from 0 to a, and O elsewhere) is log,a. For a < 1 the
differential entropy is negative and can become arbitrarily small as a approaches
0. The differential entropy measures the entropy of a continuous distribution
relative to the uniformly distributed one. For a Gaussian distribution with a variance
of o° the differential entropy is H[X] = 1/2log,o> + const. Thus the differential
entropy can be regarded as a generalization of the familiar notion of variance. With
anormal distribution, the differential entropy is maximized for a given variance. An
additional subtlety is that the differential entropy can be negative or positive
depending on the coordinate system used for encoding the vectors. This also
holds true for the differential block entropy. However, it can be proven that the
complexity measure EMC calculated on the basis of dynamic entropies
(cf. Egs. 224 and 225) is always positive and may exist even in cases where the
block entropies diverge. Under the assumption of an underlying VAR model, for
instance, a closed-form solution for the EMC can be derived that is simply a
logarithmic ratio of determinants of covariance matrices (cf. Eqs. 246 and 258),
which in most industrial case studies is a real number that is much larger than zero.
In this case, the generalized complexity measure can be interpreted similarly to
discrete-state processes. Furthermore, it can be proven that for finite complexity
values EMC is independent of the basis in which the state vectors of work
remaining are represented, and is invariant under linear transformations of the
state-space coordinates for any regular transformation matrix (Schneider and
Griffies 1999). This invariance is due to the fact that the measure can be expressed
as the continuous-type mutual information / [X:})O,XSO] between the infinite past
and future histories of a stochastic process, where the base-independent mutual
information /[.;.] between the sequences X{' = (Xi,...,X,)andY]" = (Yy,...,Y,)
of random vectors with support X"? and Y7 is defined as

f[xla"'axnayb"'?ym]
: dxy...dx,dy,...dy,, .
Tl Xl s Yl ! (234)

For two random variables X and Y that are jointly normal with a correlation
coefficient of p there is I[X; Y] = 1/2log,(1 — p?). As such, the mutual information
can be viewed as a generalized covariance. Kraskov et al. (2004) published a simple
proof that the mutual information as defined in Eq. 234 is not only invariant under
linear transformations but also with respect to arbitrary reparameterizations based
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on smooth and uniquely invertible maps x] =x|(x1),....x, =x,(x,),y] =
YiO1)s s Yo = Yo (3)- Therefore, I[.;.] provides a measure of statistical depen-
dency structures between variables that is independent of the subjective choice of
the measurement instrument. The analyses of Bialek et al. (2001) and other
researchers show that this measure is a valid, expressive and consistent quantity
for evaluating emergent complexity in open systems.

In the following chapters the generalization of the EMC to project organizations
that are modeled by continuous state variables will be carried out step-by-step.
Though some of the calculations are quite involved, the interested reader will find
that they lay important groundwork for the complexity analysis of cooperative work
in various kinds of open organizational systems, not only product development
organizations. In Section 4.1, we start by calculating closed-form solutions with
different strength for the vector autoregression models that were introduced in
Sections 2.1, 2.2 and 2.4. These models do not have “hidden” state variables and
therefore are quite easy to analyze in information-theoretic terms. To simplify the
analysis a generalized solution for a VAR(1) process that does not refer to a specific
family of pdfs of the unpredictable performance fluctuations is calculated in
Section 4.1. We will use this generalized solution to derive closed-form solutions
for the original state space (Section 4.1.1) and the spectral basis (Section 4.1.2)
under the assumption of Gaussian behavior. Furthermore, a very compact closed-
form solution will be obtained through a canonical correlation analysis (Sec-
tion 4.1.3). For these three different approaches, we will also present the
corresponding closed-form solutions of the persistent mutual information EMC(7)
(Eq. 229) according to Ball et al. (2010). Moreover, to clarify the concept of
emergent complexity, polynomial-based solutions for simple processes with two
and three tasks are presented in Section 4.1.4. This chapter also includes a short
analytical study of minimizing emergent complexity subject to the constraint that
the expected total amount of work done over all tasks is constant. Moreover, lower
bounds are put on the EMC in Section 4.1.5. In Section 4.2.1, an additional explicit
closed-form solution for a Markov process with hidden variables (a linear dynam-
ical system, LDS, see Section 2.9) is calculated. This solution is, admittedly,
complicated and difficult to interpret because the state variables of cooperative
work that are not directly accessible can generate a significant number of long-
range correlations between observations, and a great deal of linear algebra is needed
to evaluate the associated infinite-dimensional integrals. Therefore, Section 4.2.2
will introduce two additional implicit formulations for the EMC. The first implicit
solution is based on the seminal work of de Cock (2002) and allows analogical
reasoning between the forward and backward innovation forms developed in
Section 2.9, and the generated past-future mutual information. The second implicit
solution is directly derived from the infinite-dimensional integrals and makes it
possible for the interested reader to gain additional insights into the information-
generating mechanisms by following the calculation step by step. Although the
closed-form solutions for LDS are significantly more complicated, their derivations
show that Grassberger’s theory can, in principle, be applied in a straightforward
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manner to a larger model class that, thanks to its informational richness and
predictive power, is especially attractive for applications in project management.

4.1 Closed-Form Solutions of Effective Measure
Complexity for Vector Autoregression Models
of Cooperative Work

To obtain analytical results, it is assumed that the parameterized VAR(1) process
{X,} is strict-sense stationary (Puri 2010) and therefore all its statistical properties
(especially the first and second moments) are invariant to a shift in the chosen time
origin. Let fy[x.1,...,%s] (t € Z,n € N) be the joint pdf of the block of vectors
(X¢+1, - - -, X11n) generating the stochastic process, and let £/, [xH_n |x,+1 Y ,x,+,,_1}
be the conditional density of vector X, , given vectors X, 1, ..., X, 1,—1. We use the
shorthand notation f[.] and f [ ] } in the following to denote these density functions.
Due to strict sense stationarity the joint distribution of any sequence of samples
does not depend on the sample’s placement:

f[xH,], e ,XH,,J = f[x,+1+r, e 7Xt+n+1] (t € Z,n € N,T Z 0) .

We can use the index v instead of ¢ to express the shift-invariance. Therefore,
FBvi1, - Xpin] denotes the joint pdf and f[Xyin|Xps1s ... Xpsn—1] denotes the
conditional density of the process in the steady state. The conditional density is
given by (cf. Billingsley 1995):

f[xv+17 cee 7xu+n]
f[qurl IR 7xu+n—l]

f[qurn{qurl, cee 9-xl)+1171:| =

Since the considered VAR(1) process is a Markov process (Eq. 18), the conditional
density simplifies to

_ S Posn-ts X0

f[xu+n|xu+|, ...,Xu+n—l} = f[Xu+n’Xu+n—1] f[Xu+n71] s (235)
and the strict stationarity condition implies (Brockwell and Davis 1991)
f[xu-&-n‘xu-&-n—l] = f[—xv‘xu—l] = f[xz‘xl] (236)

and f[qurnfl] = f[xu] = f[xl] Vo >2.

Furthermore, we assume that ergodicity holds, and the complexity measure can be
conveniently derived using stochastic calculus based on an ensemble average or an
infinite number of realizations of the unpredictable performance fluctuations (see
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Puri 2010). To compute the EMC for the introduced VAR(1) process in the steady
state, please recall from Eq. 216 that

EMC =1[X"1; X7 -

According to the definition of the mutual information /[.;.] from Eq. 234, we can
write the information that is communicated from the past to the future as

. 1 e Faclox]
I[X,iO,X ] = JXI)---JX[Jf[x7;7x0 }logzm dx~! s Axg°. (237)

00 0

In the above equation the shorthand notation f [ _w,xo ] S c0sX oot 1y « -3 X—1s

X0 X155 - aXoom 1 Xse)s  SIACN] = fIcse s Xcoorts Xty FIA] = flxouxa, -,

xm717xoo], dx:éo = dX_ooldX_ooq1...dx_1 and dxg® = dxodx;...dxs was used.
Due to the Markov property (Egs. 235 and 236) the joint pdfs can be factorized:

Pt = Sl sl T st fToa s b il o] el ]
f [xfoo] = fhlf [X—ooﬂ ‘x,w} oo f [x,l |x,2]

f [x(o)c] = f[x()]f [X] |X0] .- ~f[xoo‘xoofl} .
Hence, we can simplify the mutual information:

ol FRolea] [ v
tix] = [ b o B

[ o] At Yons bl s an-t an

xroJxe

*J J F e Tlogs flo] dxl di?
Xr Xxr

:J J long[xnyfl] dedqu‘ J f[x ,xo}dx, sdx_odxy ... dxs
XPJxr Xr X7

fj log, f[xo] dXoJ J f[x:io,x(ﬂ dx_oo...dx_1dxy ...dxs. (238)
x» xr o Jxe
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On the basis of the definitions of the marginal density functions
flxo] = J J f[x:ic,xgc] dx_oo ... dx_1dxy ... dxs
xr Jxe

flx-1, %] = J

- J pf[x:;o,x?]dx,oo codx_adxy .. dxs
X X

we can conclude that

[[X:LUXSO} = pr ‘[pr[x,hX()]lngf [XQ‘X,I]dX,]dX() - J f[X()]IOng[X()]dXO

Xr

= J J flxo|x=1] flx—i]log, f [xo|x—1]dx_idxo —J [ [xo]log, f [xo]dxo,
xrJxr

X7

(239)

or equivalently

IX_L:X3] = prjxpf[xl‘xo] flxollog, f [x1 |xo0] dxodxy — J [ [xo]log, fxo]dxo.

xr

It is evident that the second summand is the differential entropy of the random
variable X, with probability density function f[xy]. The first summand represents the
entropy of the random variable X conditioned on the variable X, taking a value in
the support X”. The first summand therefore represents a conditional entropy that is
obtained by averaging over all possible values for X,

Before we proceed with calculating the EMC on the basis of the generalized
solution from Eq. 239 in the coordinates of the original state space R”, we
summarize five essential properties that hold completely independent of the sto-
chastic model generating a strict-sense stationary Gaussian process {X,}. A Gauss-
ian process is a stochastic process whose realizations consist of random values
associated with every time step such that each random variable in the sequence has
a normal distribution. In addition, every finite ensemble of random variables
generating the process has a multivariate normal distribution (Puri 2010).

The five essential properties are as follows (cf. Boets et al. 2007):

1) The EMC of a strict-sense stationary Gaussian process equals zero if and only if
the process is temporally uncorrelated:

EMC =I[X_1;X{°] =0 < X, =v, with (240)
vi=N(p;p,V) and E[vy]] = V5, .

u denotes the mean of the process and s € Z an arbitrary time step. J,, is the
Kronecker delta according to Eq. 14. The implication EMC = 0 can be easily
deduced as Gaussian random variables being uncorrelated is equivalent to
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statistical independence, i.e. f(X:éO;Xgo) = f(X:éQ) -f(XSC). A proof of
the implication that the process is temporally uncorrelated involves
Jensen’s inequality and can be found in elementary textbooks like Cover and
Thomas (1991). Concerning the state and output equations of a LDS with
additive Gaussian noise (Eqgs. 136 and 137), this may be realized either by
setting H = 0 or with Ag = 0.

2) The range of values of the Effective Measure Complexity is

EMC € [0, +00). (241)

This property follows directly from the canonical correlation analysis of the past
(XZ1) and future (X7°) histories of the Gaussian process (see Eq. 265 in

[o.¢]

Section 4.1.3)
—1 00 1 1 2
IXZ0X5] = _Elogzn (1—=p7)
i=1

and the fact that the canonical correlations p; are confined to p; € [0,1) (see
e.g. de Cock 2002). The variable g > p denotes the effective dimensionality of
the process (see Section 4.2.1). The canonical correlation analysis was intro-
duced by Hotelling (1935) and is often used for state-space identification. The
goal is to find a suitable basis for cross-correlation between two random vari-
ables—in our case the infinite, one-dimensional sequences of random variables
representing the past and future histories of the process. Based on the material of
Creutzig (2008) we use a common variant of the canonical correlation analysis
to provide a so-called balanced state-space representation (cf. Section 4.2).
Given the ordered concatenation of the variables representing the past history

Xpast = (Xfoo xT, xT, )T
and the future history
Xpu= (X3 X7 oo xL)'
of the Gaussian process we seek an orthonormal base U = (U, ..., U™) for
X,as: and another orthonormal base V = (V(l), ceey V<">) for Xj, that have

maximal correlations but are internally uncorrelated. Therefore, it must hold
that E[U(i)V(j)} = p;6;j, for i, j < min(m, n). U™ and VY are two zero-mean
random variables of dimensions m and n, respectively. The resulting basis
variables (U", ..., U") and (V",..., V™) are called canonical variates, and
the correlation coefficients p; between the canonical variates are called canon-
ical correlations. The cardinalities of the bases must be chosen in a way that is
compatible with the persistent informational structure of the process. The p;’s
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are not to be confused with the introduced ordinary correlations p;; and pj; from
Chapter 2.

To find the orthonormal bases, we normalize with Cholesky factors. The
factors are given by

1
Lyast 'L[,Ttm = {N} “ Xpast 'XpTast

1
qut 'L}ut = {N} 'Xfm 'X_;‘rm'

N denotes the number of samples that are taken from the stochastic process. The
sample size must be sufficiently large to uncover all canonical correlations. The
normalized variables X past and X rur to determine the balanced state-space
representation are computed by

$% _7-1
X past — L Xpast

past

3% -1
Xpu = Ly - Xpur-

A singular value decomposition is carried out (see e.g. de Cock 2002, and
Section 4.1.3) to identify the orthonormal bases:

2, denotes the cross-covariance between X, and X,,.,. We compute the state
space by

~ ~ 1

X, =V Xy = VT L

‘past

X past

and balance

~

X ==

1=

X,

such that for the covariance matrix it holds that

1 v/ ’\/T S
5P ,-(Xt) -

The requirement that the p;’s be nonnegative and ordered in decreasing magni-
tude makes the choice of bases unique if all canonical correlations are distinct. It
is important to note that for a strict-sense stationary VAR(1) process {X,}, only
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—1 00
. ¢ ) of subprocesses

are non-zero and therefore the cardinality of the base is equal to p (de Cock
2002; Boets et al. 2007). This is due to the simple fact that the process is
Markovian and so the amount of information that the past provides about the
future can always be encoded in the probability distribution over the p-dimen-
sional present state (assuming an efficient coding mechanism is used). Further-
more, because of strict-sense stationarity, all p;’s are less than one.

3) EMC is a strictly increasing function of each of the canonical correlations. This
property also follows directly from relation 265:

the p leading canonical correlations p; of each pair (X

q
X2 X5] = —%Z logs (1 = 47). (242)
i=1

4) The EMC is invariant under a transformation of the observations X, by a
nonsingular constant matrix T € R”*”. When we denote the transformed obser-
vations Z, = T - X,, it holds that

I[ZZLC;ZSO] ZI[X:!)O;X(‘?]. (243)

From the explicit result in Eq. 291 for the EMC of a process that is generated by
a linear dynamical system with additive Gaussian noise, one can directly derive
this invariance property. Similar to the notation in Section 4.2, x* denotes the
vector obtained by stacking the observation sequence X;f in a long vector of size
p(t, —t; + 1) x 1. We define the long vector zﬁf in the same way. Then we
can relate the transformed observations to the original ones via Zp =
(It,-,+1 ® T) - X2. The covariance of the history of transformed observations
follows immediately and can be related to the covariance

(CoE=E [Xi? (Xifﬂ :

T
(€ = E[ZZ (z2) ]
t 15 T T
=E|(l-11 ®T)Xp: (th) Ut ®T)

= (1 @T)(CE (T 1 ®T)"

It is straightforward to compute EMC by using the general expression for LDS
(Eq. 291) with H =T and V = 0 as
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1z

5)

1. Det(C.)"! Det(C.)*
7280} :_10g2 e( A)foo e( —)0

—1
—00

2 Det(C.)™_
1 Det(C.); 'Det(C.){
== lim log, .
2 ty——00 Det(Cl)[i
t/>~>00

~ 1 im {logzDet((L,p @T)(C), (I, @ T)T)
ty——00

tr—00

+ logyDet( (1,1 @ T)(Cf (111 @ 7))
— 10g2Det<(1tf—fp+l ® T) (Cx);/p (I[f_fp+l ® T)T) }

1 Det(C.); 'Det(Cy)g
=— lim log, T
2 Det(Cx),;

tr—00

— 1 Laxg]

—00?

where we have used the fact that Det(A - B) = Det(A) - Det(B) and that for
matrices A € R"™" B € R™ we have Det(A ® B) = (Det(A))" (Det(B))".
If the p-component vector of all observations X, can be divided into two separate

sets comprised of the vectors X,“) € R”t and X,(2> € RP2 with p = p, + p,,
which are completely uncorrelated,
T
1
X,E {,
Xt+)f

xY

Cxx(r) =E[XX) ] =E|| Tl
X

t+7

_ CX(l)X(l)(T) 0
0 CX(z)X(z)(T) ’

then the EMC of the whole sequence of observations equals the sum of the EMC
of each set resulting from the partitioning:

ILxs] = () (KO |+ 1@ (k)] a49)

-0’ —o0’

Since uncorrelated Gaussian random variables are independent, i.e. their joint
pdf equals the product of the individual pdfs—in this case

= £|E0) L 6] A ) 625,
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the above property of additivity for uncorrelated observations can be easily
verified:

1[XZL X :Jf[x x| log,
f[< ) e %]
D)o

f[x:éo,xoo]log
J 0 2 e

Jrle );( )Z° ) 6]
fllx

log,

. . . ~1 .
In the first term, the integration with respect to (x(z))ioc, (x(z))go yields one, and
analogously in the second term the integration with respect to the first variable
set yields one. Ultimately, we obtain:

—1 . yoo [ ! D\ [ ( 0 D)~ D)™
i) = H(ﬂ ) (), ]long[(xml [ £ d(x") _a(x);

4.1.1 Closed-Form Solutions in Original State Space

To calculate the EMC on the basis of the generalized solution from Eq. 239 in the
coordinates of the original state space R”, we must find the pdf of the generated
stochastic process in the steady state. Let the p-dimensional random vector X ;1

be normally distributed with location p_ ., =A¢-X_x—; and covariance
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Y o er1 = 21 (Egs. 19 and 20), that is X .11 ~N(x;A¢ - X_0o_r , 21). Starting
with this random vector the project evolves according to state Eq. 8. As already
shown in Section 2.2, the strictly stationary behavior for t — co means that a joint
probability density is formed that is invariant under shifting the origin. Hence, for
the locus we must have p = Ag - u + E[e,] = Ao - u, and for the covariance matrix
the well-known Lyapunov criterion X = Aj-X 'A(T) + Varlg] = Ap - 2 ~Ag +C
must be satisfied (Eqs. 4 and 27). It follows that g must be an eigenvector
corresponding to the eigenvalue 1 of the WTM A. Clearly, if the modeled project
is asymptotically stable and the modulus of the largest eigenvalue of A is less than
1, no such eigenvector can exist. Hence, the only vector that satisfies this equation is
the zero vector 0, which indicates that there is no remaining work (Eq. 26).

Let 41(Ao), . . ., Ap(Ap) be the eigenvalues of WTM A, ordered by magnitude. If
|41(Ag)| < 1, the solution of the Lyapunov Eq. 27 can be written as an infinite
power series (Lancaster and Tismenetsky 1985):

o0

2=Yab-c- (A (245)
k=0

It can also be expressed using the Kronecker product ®:
vec[Z] = [1,, — Ao ®A0]_l vec[C] .

2 is also positive-semidefinite. In the above equation it is assumed that/,, — Ap ® A
is invertible, vec[C ] is the vector function which was already used for the
derivation of the least square estimators in Section 2.7, and I, is the identity matrix
of size p* x p>.

Under the assumption of Gaussian behavior, it is not difficult to find different
closed-form solutions. Recalling that the random vector X, in steady state is
normally distributed with location g =0, and covariance X, it follows from
textbooks (e.g. Cover and Thomas 1991) that the differential entropy as the second
summand in Eq. 239 can be expressed as

—L{ Flrollogs flxoldxy = —j N (xo; 1, 5) Togo N (30 1, E)dxy
P R?

1
= 510:‘:’»2 (2me)’ Det[Z].

For the calculation of the conditional entropy (first summand in Eq. 239), the
following insight is helpful. Given a value x,, the distribution of X; is a normal
distribution with location Ay - x¢ and covariance C. Hence, the conditional entropy
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is simply equal to minus the differential entropy of that distribution. For Gaussian
distributions, the differential entropy is independent of the locus. Therefore, for the
conditional entropy it holds that

Jxv Lgpf [x1 |x0] f [xollogy f [t [x0] dxodxy

- LprN(xl s Aoxo, C)N (xo; 4, Z)logyV (x1; Agxo, C)dxodx,
N JRPN(XUAO)CO’ C) logy N (x15 Agxo, C)dxy

= _%logz(Zﬂe)pDet[C],

It follows for the VAR(1) model of cooperative work that

1 /Detls]\ 1
EMC = - | S
2 o8 (Det[C]) 2

1
log,Det[X] — 3 log,Det[C]

1 -1
= 5 log;Det [z-c. (246)

According to the above equation, the EMC can be decomposed additively into
dynamic and pure-fluctuation parts. The dynamic part represents the variance of the
process in steady state. If the fluctuations are isotropic, the dynamic part completely
decouples from the fluctuations, as will be shown in Egs. 250 and 251
(Ay et al. 2012). If the solution of the Lyapunov equation (Eq. 245) is substituted
into the above equation, we can write the desired first closed-form solution as

Det [ZLA{; C . (A()T)k}

Det[C]

1
EMC = Slog, (247)

The determinant Det[X] of the covariance matrix ¥ = Z/io Af - C - (Ag)k in the

numerator of the solution above can be interpreted as a generalized variance of the
stationary process. In the same manner Det[C] represents the generalized variance
of the inherent fluctuations. The inverse C~' is the so-called “concentration matrix”
or “precision matrix” (Puri 2010). Det[C] can also be interpreted as the intrinsic
(mean squared) one-step prediction error that cannot be underrun, even if we
condition the observation on infinite past histories to build a maximally predictive
model. An analogous interpretation of Det[X] is to consider it as the (mean squared)
error for an infinite-step forecast of the VAR(1) model that is parameterized by the
optimizing parameters xg, Ap and C (Liitkepohl 1985). In this sense, EMC is the
logarithmic ratio related to the mean squared errors for infinite-step and one-step
forecasts of the process state. Another interesting interpretation of Det[X] is pro-
duced if we do not refer to the predictions of a parameterized VAR(1) model over
an infinite forecast horizon but instead to the one-step prediction error of a naive
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VAR(0) model whose predictions are based on the (zero) mean of the stationary
process. It is evident that this kind of model completely lacks the ability to
compress past project trajectories into a meaningful internal configuration to denote
the state of the project and therefore has zero complexity. Hence, EMC can also be
interpreted as the logarithmic ratio of the (mean squared) one-step prediction error
of a naive VAR(0) model with zero complexity and a standard VAR(1) model with
non-negligible complexity due to procedural memory that incorporates an effective
prediction mechanism. In this context “effective” means that the state should be
formed in a way that the mean squared prediction error is minimized at fixed
memory (sensu Still 2014). In terms of information theory, the generalized variance
ratio can be interpreted as the entropy lost and information gained when the
modeled project is in the steady state, and the state is observed by the project
manager with predefined “error bars”, which cannot be underrun because of the
intrinsic prediction error (Bialek 2003).

The covariance matrices X and C are positive-semidefinite. Under the assump-
tion that they are of full rank, the determinants are positive, and the range of the
EMC is [0, + oo). This was already mentioned in the discussion of the essential
properties of EMC (see Eq. 241).

Interestingly, we can reshape the above solution so that it can be interpreted in
terms of Shannon’s famous “Gaussian channel” (cf. Eq. 262 and the associated
discussion) as

1
EMC = ElogzDet

I+ (f:A’(‘]-C~ (Ag)k> -c—‘]. (248)

k=1

If the covariance C is decomposed into an orthogonal forcing matrix K and a
diagonal matrix Ag as shown in Eq. 22, the determinant in the denominator of
Eq. 247 can be replaced by Det[C] = Det[Ag].

We can also separate the noise component K - Ax - K7 in the sum and reshape the
determinant in the numerator as follows:

Det[ S ALK A KT (a8)']
Det[/\](]

1
EMC = Elogz

Det[ Y7 ALK MK (A]) K- Ak
Det[AK]

1
= Elogz

| (DetlK]-Det[KT (30 AbK Ak (A])) K+ x| Det[KT]

—
2% Det[A]

1 (PetKT (D07 AbK AR (AD)") K+ A

.
2 %8 Det[Ax]
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Moreover, because Ag is diagonal, taking Tr[logo(Ag)] is equivalent to
log,(Det[Ak]) and we have

1
EMC = E1og2Det o+ Ax] — Zlogzl (249)

where Ay = KT+ (3,4 - K - Ax - KT+ (49)") - K.
If the noise is isotropic, that is, the variances along the independent directions

are equal (C = {02} -I,,), and therefore correlations p;; (Eq. 43) between perfor-
mance fluctuations do not exist, we obtain a surprisingly simple solution:

o0

> A (a5)'

1
EMC = -log,Det
2 k=0

1 -1
= SlogyDet (I, — Ao A7) ']
= —%logzDet (I, —Ao-Ag]. (250)

The above solution is based on the von Neumann series that generalizes the
geometric series to matrices (cf. Section 2.2).

If the matrix Ay is diagonalizable, it can be decomposed into eigenvectors 9,(Ag)
in the columns S.; of S (Eq. 35) and written as Ag = S - As - S~ '. Ag is a diagonal
matrix with eigenvalues 4,(A() along the principal diagonal. Hence, if C = {0'2} -1,
and Ay is diagonalizable, the EMC from Eq. 250 can be fully simplified:

;
Tl — Zi(Ao)?

7121’:10 _
267 T (o)
1 & )
= log, (1 — Zi(Ao) ) (251)
i=1

EMC — & 10g2H

Both closed-form solutions that were obtained under the assumption of isotropic
fluctuations only depend on the dynamical operator A, and therefore the dynamic
part of the project can be seen to decouple completely from the unpredictable

performance fluctuations. Under these circumstances the argument (1 —Ai (AO)Z)

of the binary logarithmic function can be interpreted as the damping coefficient of
design mode ¢; = (4;(Ao),9i(Ao)) (see Section 2.1).

Similarly, for a project phase in which all p development tasks are processed
independently at the same autonomous processing rate a, the dynamic part
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completely decouples from the performance fluctuations under arbitrary correlation
coefficients. In this non-cooperative environment with minimum richness of tem-
poral and  structure-organizational  dependencies, we simply  have
Ao = Diagla, . .., a]. For EMC, it therefore holds that

Det {ZZ:) (Diagla, . ..,a)* -C - (Diag[a, . 7a]T)k}
Det[C]

EMC = Elog2

| (Det [c 3" (Diagla,...,d))" - (Diagla,... ,a])k]
=38 Det[C]

2
Z Dlag az] )k]
k=0

. 1 1
= ElogzDet [Dlag [1 sy R aZH

= —g log2(1 — az). (252)

= —logzDet

An additional closed-form solution in which the EMC can be expressed in terms
of the dynamical operator A, and a so-called prewhitened operator W was formu-
lated by DelSole and Tippett (2007) and Ay et al. (2012). Using Det[A]/Det[B] =

Det [A . B’l} and the Lyapunov Eq. 27 we can write

Det|C] T -1 T -1
=Det|(X—Ay-Z-A,) - = =Det|l, —Ap-Z-A, -2 .
Det[z] et[( 0 0) ] et[], — Ao 0 ]
Defining
W:i=37.-4,-X2
we obtain
Det[C] T
= Det|l, - W -W
Det[z] etlh I

where Det [1,, —A-N -A’l} = Det [1,, —N] and £ =2XT were used. Hence, we
obtain the EMC also as
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1
EMC = — log, Det 1, —w-wT]. (253)

According to DelSole and Tippett (2007) the application of the dynamical operator
W can be regarded as a whitening transformation of the state-space coordinates of
the dynamical operator Ay by means of the covariance matrix Z.

Concerning the evaluation of the persistent mutual information—represented by
the variable EMC(7)—of a vector autoregressive process, Section 3.2.4 showed that
this can be expressed by the continuous-type mutual information /[.;.] as

EMC(zr) = I[X_L; X?°]
—1 00
—1 o0 f [xfoo’x‘r ] —1 00
= x__,xXlog, ———=——— dx___ dx>°.
o rbesoon g iy o

The independent parameter 7z > 0 denotes the lead time. The term f [X:éc]
designates the joint pdf of the infinite one-dimensional history of the stochastic
process. Likewise, f [x?o] designates the corresponding pdf of the infinite future
from time z onward. We used the shorthand notation f[xZ! , x| = flx_,

T
-x—00+l’ "'7x—]’x1’x‘[+17’ "'7-XOO—]’-XOOL f[x:}x::l :f[x—ooa-'-vx—l], f[x-?-o] -

Fley oo sXoo)y dx”l = dx_oo...dx_y and dx>® = dx,...dx. Informally, for

positive lead times the term [ [X:}DO;X;’O] can be interpreted as the information
that is communicated from the past to the future ignoring the current length-z
sequence of observations X§'. Assuming strict stationarity, the joint pdfs are
invariant under shifting the origin. Due to the Markov property of the VAR
(1) model they can be factorized as follows:

f[x:éc,x;’c] = wa' . ‘Jpr[x:lo,xgo}dxo coodx,_g
= flrooolf [oost [xooo] - F[xoa o] F e ] - f oo Yoot
XJ - J f[x0|x_1] .. .f[x,‘x,_l]dxo codx._g
xr Jxe

f[x:éo] = f[xfoo}f[xfooJrl |Xfoo] .. .f[x,l |x72]
] = f[xr]f[x,+1|x,] "'f[xoo}xoo—l]

Hence, we can simplify the mutual information as follows:
] = [ ]l
xX? xX?

J J f[x0|x,1]...f[x,|x,,1]dxo.--dxrfl
Xr_JXP dx~! dx™.

10g2 f[X } —00 T
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According to the famous Chapman-Kolmogorov equation (Papoulis and Pillai
2002) it holds that:

J J f[xo}x—l] ...f[x,|x,_1}dxo...dx,_l :f[xr\x_l}
xr Jxe
Hence, we have

i) = [ [ tomas e dvadn| | sl arjectae,
xrJxr X7 xXr

*J long[xf]dxfj J Il ]dxl dxs,
Xr XP

Xr

= flx—1,x.]log, f [x,|x,1] dx_idx, — J flxlog, flx:] dx,
xrJxr xr

= flx_i]dx_, Lgpf [xc|x_1]log, f [x: }x,l] dx, — JXPf[x,]long[x,] dx,.

Jxr

For a VAR(1) process the transition function is defined as
f[x,|x_1} = N(x,;Ag -x_l,C(r)),

with the lead-time dependent covariance

C(z) =A¢-C(z—1)-Aj +C

' k
=3 c (D)
k=0
We find the solution
1 1
EMC(r) = 3 log,Det[X] — 3 log,Det[C(7)]
1, ( Detlz]
=2 %82\ Detlc(7)]
1 y
~ 5 log,Det [2 - (C(2)) ]

The solution can also be expressed as the logarithm of the variance ratio
(Ay et al. 2012):

Det[Z]
Det[= - 45" -z (a)] )

1
EMC(7) = 3 log, (254)
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noting thatC =X — Ay - X - AOT . Asin Section 4.1 we can rewrite the above solution
on the basis of the dynamical operator Ay and lead-time dependent prewhitened
operator W(z) (Eq. 253; DelSole and Tippett 2007; Ay et al. 2012) as

1
EMC(r) = — log,Det [1,, W) - W(T)T} ,
with
W(r) =27 - AFt . 22, (255)

Following the same principles, a closed-form solution can be calculated for the
elusive information o, () = I[X_\; X°|X;'] from Eq. 231. As explained in
Section 3.2.4, the elusive information is one of two essential pieces of the persistent
mutual information and represents the Shannon information that is communicated
from the past to the future by the stochastic process, but does not flow through the
currently observed length-r sequence X(T)’1 (James et al. 2011). The key
distinguishing feature of the persistent mutual information is that it is nonzero for
7 > 1 if a process necessarily has hidden states (Marzen and Crutchfield 2014).
Conversely, due to the Markov property of the VAR(1) model, the elusive infor-
mation completely vanishes for positive length 7.

This statement is easy to prove by using the definitions for the conditional
mutual information from Eq. 214 and the conditional entropy from Eq. 213.
Based on these definitions, the following relationship can be expressed:

I[X;Y|Z] = H[X|Z] + H[Y|Z] — H[X,Y|Z]
=H[X,Z] — H[Z]| + HY,Z] — H[Z] — H[X,Y,Z] + H[Z]
=H[X,Z|+H[Y,Z] - H[Z] - H[X,Y,Z].

As it holds
we find

I[X;Y|Z] =H[X,Z] - H]Z) — HX] +I[X; Z,Y]
=I[X;Z,Y] - I[X;Z].

In particular, we have

ou(7)

][ Xoo’x‘r 1]
][ ,ooaXT 1 XOO] |: 700,)(1 l]
IXZLxe] —1[x2l xet.

—00?


http://dx.doi.org/10.1007/978-3-319-21717-8_3
http://dx.doi.org/10.1007/978-3-319-21717-8_3
http://dx.doi.org/10.1007/978-3-319-21717-8_3
http://dx.doi.org/10.1007/978-3-319-21717-8_3

234 4 Model-Driven Evaluation of the Emergent Complexity of Cooperative Work. . .

Using the Markov property (Eq. 235), we see from the calculations Eq. 237-238
that the emergent complexity does not depend on the future of the autoregressive
process beyond the lead time 7, i.e.

—00?

IX-Lxy] =1[x2l x5,
This proves that it holds for z > 1:
o,(7) =0.

This result is independent of the coordinate system in the vector autoregression
model of cooperative work.

4.1.2 Closed-Form Solutions in the Spectral Basis

In this chapter, we calculate additional solutions in which the dependence of the
EMC on the anisotropy of the performance fluctuations is made explicit. These
solutions are much easier to interpret, and to derive them we work in the spectral
basis (cf. Eq. 35). According to Neumaier and Schneider (2001), the steady-state
covariance matrix ¥’ in the spectral basis can be calculated on the basis of the
transformed  covariance  matrix of the  performance fluctuations

c=s'.cC ([ST}*>7I (Eq. 41) as

C’112_ /”125,116/2
1 — 44 1 -4k
Y = Phachicn chy? e (256)

1=l 1=k

In the above equation, the p;].’s are the transformed correlations, which were defined

in Eq. 43 for a WTM A, with arbitrary structure and in Eq. 47 for Ay’s that are
symmetric. The ¢/*’s (cf. Eq. 10) and piiciici’s (cf. Eq. 11) are the scalar-valued
variance and covariance components of C’ in the spectral basis:

i’ PiaC1ih

C'= | plhelich chy? . (257)

The transformation into the spectral basis is a linear transformation of the state-
space coordinates (see Eq. 41) and therefore does not change the mutual informa-
tion being communicated from the infinite past into the infinite future by the
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stochastic process. Hence, the functional form of the closed-form solution from
Eq. 246 holds, and the EMC can be calculated as the (logarithmic) variance ratio
(Schneider and Griffies 1999; de Cock 2002):

1 Det[Z]\ 1 PR
EMC = log, (F{c’]) — 5 log,Det {z C } (258)

The basis transformation does not change the positive-definiteness of the covari-
ance matrices. Under the assumption that the matrices are of full rank, the deter-
minants are positive. As already shown in Section 4.1.1., the determinant Det[X'] of
the covariance matrix X' can be interpreted as a generalized variance of the
stationary process in the spectral basis, whereas Det[C'] represents the generalized
variance of the inherent performance fluctuations after the basis transformation.
The variance ratio can also be interpreted in a geometrical framework (de Cock
2002). It is well known that the volume Vol[.] of the parallelepiped spanned by the
rows or columns of a covariance matrix, e.g. ¥/, is equal to the value of its
determinant:

Vol[parallelepiped[~]] = Det[X].

In this sense the inverse variance ratio Det[C']/Det[X'] represents the factor by
which the volume of the parallelepiped referring to the dynamical part of the
process can be collapsed due to the state observation by the project manager leading
to a certain information gain.

An important finding is that the scalar-valued variance and covariance compo-
nents of the fluctuation part are not relevant for the calculation of the EMC. This
follows from the definition of a determinant (see Eq. 267). The calculated deter-

P .
¢’ 2, which

minants of ¥’ and C’ just give rise to the occurrence of the factor H ,
n=1 "nn

cancels out:

o1 <o) dafe ] - B D)

. ‘ . . . /

Hence, we can also calculate with the “normalized” covariance matrices X, and
/.

Cy:

1 Pa
1= 11—k
= _rh 1 (259)

1—Jodi 1= |A)?
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L ph
Cy=|rn 1 | (260)

It can be proved that the normalized covariance matrices are also positive-
semidefinite. If they are furthermore not rank deficient, inconsistencies of the
complexity measure do not occur. According to Shannon’s classic information-
theory findings about the capacity of a Gaussian channel (Cover and Thomas 1991),
the normalized covariance matrix X), can be decomposed into summands as
follows:

1 i
-1 12__ /
1= M) —ak
E;\/:C;\/Jr ,0/12 ) 1 1
12

1 — bl

The second summand in the above equation is defined as X. This matrix can be
simplified:

|’11’2 / Alz
- Prioam
e [Ao? : (261)

PRy m 1-|hp

We obtain the most expressive closed-form solution based on the signal-to-noise

ratio SNR := X,.Chy '

1 " -
EMC =  log,Det| ], + Zy - Cy . (262)

The SNR can be interpreted as the ratio of the variance Z;, of the signal in the
spectral basis that is generated by cooperative task processing and the effective
variance C), of the performance fluctuations. The variance of the signal drives the
process to a certain extent and can be reinforced through the structural organization
of the project. The effective fluctuations are in the same units as the input x,. This is
called “referring the noise to the input” and is a standard method in physics for
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characterizing detectors, amplifiers and other devices (Bialek 2003). Clearly, if one
builds a photodetector it is not so useful to quote the noise level at the output in
volts; one wants to know how this noise limits the ability to detect dim lights.
Similarly, when we characterize a PD project that uses a stream of progress reports
to document a quasicontinuous workflow, we don’t want to know the variance in
the absolute labor units; we want to know how variability in the performance of the
developers limits precision in estimating the real work progress (signal), which
amounts to defining an effective “noise level” in the units of the signal itself. In the
present case, this is just a matter of “dividing” generalized variances, but in reality it
is a fairly complex task. According to Sylvester’s determinant theorem, we can
swap the factors in the second summand:

"

Det[1, + 2y, -y, '] = Detlt, + ¢ 2]

The obtained closed-form solution in the spectral basis has at most only (p?> — p)/
2+ p = p(p + 1)/2 independent parameters, namely the eigenvalues 4;(A) of the
WTM and the correlations pgj in the spectral basis, and not a maximum of

the approximately p* + (p* — p)/2+ p = p(3p + 1)/2 parameters encoded in
both the WTM A, and the covariance matrix C (Eq. 248). In other words, through
a transformation into the spectral basis we can identify the essential variables
influencing emergent complexity in the sense of Grassberger’s theory and
reduce the dimensionality of the problem in many cases by the factor
Bp+1)/(p+1).

Furthermore, these independent parameters are easy to interpret, and at this point
we can make a number of comments to stress the importance and usefulness of the
analytical results. It is evident that the eigenvalues 1,(Ag) represent the essential
temporal dependencies of the modeled project phase in terms of effective produc-
tivity rates on linearly independent scales determined by the eigenvectors 9,(Ag)
(i=1...p). The effective productivity rates depend only on the design modes ¢;
of the WTM A( and therefore reflect the project’s organizational design. The lower
the effective productivity rates because of slow task processing or strong task
couplings, the less the design modes are “damped,” and hence the larger the project
complexity. On the other hand, the correlations pfj model the essential dependencies
between the unpredictable performance fluctuations in open organizational systems
that can give rise to an excitation of the design modes and their interactions. This
excitation can compensate for the damping factors of the design mode. The pﬁj’s
scale linearly with the 4,(C) along each independent direction of the fluctuation
variable ¢]: the larger the 4,(C), the larger the correlations and the stronger the
excitation (Eq. 43). However, the scale factors are determined not only by a linear
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interference between design modes ¢; and ¢, caused by cooperative task processing
but also by the weighted interference with performance fluctuation modes ¥; and ¥;
caused by correlations between performance variability (cf. Egs. 43 and 47). In
other words, the emergent complexity of the modeled project phase does not simply
come from the least-damped design mode ¢, = (11 (Ay), 91 (Ap)) because this mode
may not be sufficiently excited, but rather is caused (at least theoretically) by a
complete interference between all design and performance fluctuation modes. Like
the analytical considerations of Crutchfield et al. (2013) concerning stationary and
ergodic stochastic processes whose measurement values cover a finite alphabet, the
obtained closed-form solutions show that in a development process complexity is
not just controlled by the “first spectral gap,” i.e. the difference between the
dominant eigenvalue and the eigenvalue with the second largest magnitude. Rather,
the entire spectrum of eigenvalues is relevant and therefore all subspaces of the
underlying causal-state process can contribute to emergent complexity (Crutchfield
et al. 2013). In most practical case studies, only a few subspaces will dominate
project dynamics. However, the closed-form solution from Eq. 262 in conjunction
with Eqgs. 260 and 261 shows that this is not generally the case. In Section 4.1.4, we
will present fairly simple polynomial-based solutions for projects with only two or
three tasks, and we will make the theoretical connections between the eigenvalues,
the spectral gaps and the correlations very clear. The solution for two tasks will also
allow us to identify simple scaling laws for real-valued eigenvalues. As a result, we
see that emergent complexity in the sense of Grassberger’s theory is a holistic
property of the structure and process organization, and that, in most real cases, it
cannot be reduced to singular properties of the project organizational design. This is
a truly nonreductionist approach to complexity assessment insisting on the specific
character of the organizational design as a whole.

Similarly to the previous chapter, we can obtain a closed-form solution for the
persistent mutual information EMC(7) in the spectral basis. The transformation into
the spectral basis is a linear transformation of the state-space coordinates and
therefore does not change the persistent mutual information communicated from
the past into the future by the stochastic process. Hence, in analogy to Eq. 256 the
variance ratio can also be calculated

Det[¥']
Det |:Z/ _ A§+l S ([ATQ] *)TH]

1
EMC(r) = 3 log,

in the spectral basis, where the diagonal matrix Ag is the dynamical operator
(Eq. 39) as

As = Diag[A;(Ag)] 1<i<p.


http://dx.doi.org/10.1007/978-3-319-21717-8_2
http://dx.doi.org/10.1007/978-3-319-21717-8_2
http://dx.doi.org/10.1007/978-3-319-21717-8_2

4.1 Closed-Form Solutions of Effective Measure Complexity for Vector. .. 239

Because Ay is diagonal, the solution in the spectral basis can be simplified to

[ s\ 7+1
7+1 T
o (Det|T gty (AT ]
EMC(7) = —> log, - Det[]
1 (DetE - agt Ay
= ——] =
2 %8 Det[Y]

1 .
:—ElogzDet[I AT ATy ‘}

1 / /=1
— — log,Det [1,, _Y(2)-T } (263)

with ¥'(z) = AL -2 - AL (2> 0).
As with the derivation of the expressive closed-form solution in Section 4.2, the
w\ 7+1 «
generalized variance term &' — A" - X' ([AST ] ) =3 - AT AT

the denominator of the variance ratio can be written in an explicit matrix form:

- AFT T AT

T 5\ 7+!1 7+l
ch’ A +1C/112(’11) PacliCh ML phaehich (%)
1 — A 1— A 1 —Aidy 1 —Aidy
— 7+1 P —\ 7+1
Pachichy  Af etk (41) 5’ ) +1C’zzz(’b)
1 — A 1 — At 1 — Ay 1— A
T 7+l
” )1—|/11| (r+1) / p12<1—/11+1(,1) )
) —— ¢},
11 = 1122 =ik
= +1 77\ 71
! pllz(l —h ' (A]) ) (C’ 2) 1- |’11|2(T+1)
1122 = oly 2 1 _T”z

It can be proved that the covariances cfj in the above matrix form are not relevant for
the calculation of EMC(z). This follows from the definition of a determinant (see
Eq. 267). When calculating the determinants of ¥/ and T AFT AT they
just give rise to the occurrence of a factor H _ Can » Which cancels out in the
variance ratio. Therefore, the persistent mutual information can also be calculated
using normalized covariance matrices. The normalized covariance matrix of ¥/,

termed X, was defined in Eq. 259. The normalized covariance matrix of ' — A§"!

D A;TH is simply
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! 7+1 / *r41
= AL LEL AL

|- e (=)
1— |4 Pr2 1 — My
= +1 7\ 7+l
” (1 — " (11) ) | ‘/12|2(r+1)
12 T, 2

1 — oy 1— |

Hence,

I ATHL AR
EMC (1):—1 log, Det[Z), — A7 -2} - AT
2 Det[Z) ]

1 ;
= —5 log;Det [, = AGT -2 AT E T

1
= — log,Det (1, —Zy(2) - 271, (264)

with 2 (7) = AL -2 - A (2> 0).

4.1.3 Closed-form Solution through Canonical Correlation
Analysis

If the matrix C}v representing the intrinsic prediction error in the spectral basis is
diagonal in the same coordinate system as the normalized covariance matrix X}
contributed by cooperative task processing, then the matrix product X}, - Cy~! =
(],, + X - C;\,’l) is diagonal, and simple reduction of emergent complexity to
singular properties of the design modes ¢; = (4;(Ao), 9:(Ap)) and performance
fluctuation modes ¥; = (4;(C), k;(C)) will work. In this case, the elements along
the principal diagonal are the signal-to-noise ratios along each independent direc-
tion. Hence, the EMC is proportional to the sum of the log-transformed ratios, and
these summands are the only independent parameters. However, in the general case
we have to diagonalize the above matrix product in a first step to obtain an additional
closed-form solution. This closed-form solution has the least number of independent
parameters. In spite of its algebraic simplicity, the solution is not very expressive,
because the spatiotemporal covariance structures of the open organizational system
are not revealed. We will return to this point after presenting the solution.

Unfortunately, the diagonalization of the matrix product X}, - Cﬁ\fl cannot be
carried out through an eigendecomposition, because the product of two symmetric
matrices is not necessarily symmetric itself. Therefore, the left and right eigenvec-
tors can differ and do not form a set of mutually orthogonal vectors, as they would if
the product was diagonal. Nevertheless, we can always rotate our coordinate system
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in the space of the output to make the matrix product diagonal (Schneider and
Griffies 1999). To do this, we decompose X}, - Cy,~! into singular values (singular
value decomposition, see e.g. de Cock 2002) as

VO =U-Agy -V
where
U-U"=1, and V-V =],
and
Ayy =Diagle}] 1<i<p.

The columns of U are the left singular vectors; those of V are the right singular
vectors. The columns of V can be regarded as a set of orthonormal “input” basis
vectors for Z;V . CZ'\,’I; the columns of U form a set of orthonormal “output” basis
vectors. The diagonal values ¢} in matrix Ayy are the singular values, which can be
thought of as scalar “gain controls” by which each corresponding input is multiplied
to give a corresponding output. The o}’s are the only independent parameters of the
following closed-form solution (see ). The relationship between the singular values
o) of £y -Cy~! and the canonical correlations p; (see summary of properties of
EMC at the end of Section 4.1) in our case is as follows (de Cock 2002):

a’.:# 1<i<p.

Under the assumption that Det[Z) - Cy,~'] >0, it is possible to prove that
Det[U] - Det[V] = 1. We can obtain the desired closed-form solution as follows:

1
EMC = 7 log,det =y -y
1
= %logzdet[U -Agy - VT}
=3 log, (Det[U] - Det[Ayy] - Det[V])
1
=3 log,det[Ayy]

= % Trllog, (Apv)]

1 P
:Ezlogﬂ’;

i=1

1& 1
=52 )

12 .
= _Ei:Z]lng(l —p[). (265)
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In spite of its algebraic simplicity, a main disadvantage of this closed-form solution
with only p parameters & or p? is that both the temporal dependencies of the
modeled work process in terms of essential productivity rates (represented by the
4;’s), and the essential cooperative relationships exciting fluctuations (represented
by the p:-j’s) are not explicit, but are compounded into correlation coefficients

between the canonical variates. Therefore, it is impossible for the project manager
to analyze and interpret the spatiotemporal covariance structures of the organiza-
tional system and to identify countermeasures for coping with emergent complexity.

A canonical correlation analysis over 7 time steps leads to the following solution
of the persistent mutual information:

EMC(z) = %logzDet (= (= - A A
- %logzDet V@) - Aov(2) - V()]
= 3 oz, (Det(U(+)] - Det{Auy (¢)] - Det[V (2))
et

= % Tr(log, (Ayy (7))]

1 P
= 5210&‘7;(7)
i—

1< 1
==Y log, [ ————
22 o (1 - <p-<r>>2>

1

- —;;mgz (1= (2. (266)

The term U(z) - Agy () - V(z)" represents the product of the matrices resulting from a

-
decomposition of Z), - (Zj\, —AST T (AS) H) as a function of the lead time 7

(U(x). Auv (1), V(1)) = SVD {z;v (z- Ay (AS*)TH)T

where the matrix-valued function SVDI.] represents the singular value decompo-
sition of the argument. The o/(7)’s and p;(r)’s represent, respectively, the singular
values and canonical correlations given the lead time.

4.1.4 Polynomial-Based Solutions for Processes with Two
and Three Tasks

We can also analyze the spatiotemporal covariance structure of X, (Eq. 259) in the
spectral basis explicitly by recalling the definition of a determinant. If B = (b,~ j) isa
matrix of size p, then
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Det(B) = > sgn(B)[ [ bi.s0 (267)
1

f<R, i=

holds. R, is the set of all permutations of {1,...,p}. Thus, because of the regular
structure of the matrix Xj, Det[Z}] is a sum of p! summands. Each of these
summands is a fraction, because it is a product of elements from X}, where exactly
one entry is chosen from each row and column. The denominator of those fractions

is a product consisting of p factors of 1 — 4;(Ag)4i4i(Ag). The numerator is a
product of 2,3, .. ., p factors p::,-, or simply 1 if the permutation is the identity. (The
case of one factor cannot occur, because the amount of factors equals the amount of
numbers changed by the permutation f, and there is no permutation that changes

just one number). The coefficients (i,j) of the factor 1 — 4;(Ag)Aj(Ao) in the
denominator correspond to the coefficients (k,/) of the factor pil in the numerator,
iie. i=1[1 and j=k, if i #k holds. Otherwise, in the case that i =k, no
corresponding factor is multiplied in the numerator, because the appropriate entry
of X, lies on the principal diagonal. Moreover, 1 — 2;(A¢)4j(40) =1 — 2:(A0)|?
holds in that case.

These circumstances are elucidated for project phases with only p =2 and

p = 3 fully interdependent tasks. For p = 2 we have

1 Py
|- M2 1=
A L

1= ki 1—|k)?

hence,

1 p/ 2
Det|Z | = — P12 .
et[ N] (1_|/11|2)(1_|12|2) (1_12/11)(1_/1122)

For p = 3 we have

1 /’/127 /’/137
L= 1=Md 1—Mls
s pl127 1 9/237
Nl 1=k 1= |2 12 |
Pl Pa 1

1=k 1=k 11— |As)?
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hence,
Det (2] = :
=P (A= [RP) (1 - [4P)
_ P/zzzi _ /’l1327 _
(=) (= 52) (1= 2k) (1= [RP) (1 - 252) (1 - %)
. ,0/122_ _ 4 _ P/12P/13/é3 _
(=P (1 =aZ) (1 =nd)  (1=24) (1 —ds) (1 —434))
ProP13P

PO (1 — i) (1 — k)

The results for C}, are much simpler. From Eqgs. 259 and 260 it follows that the
numerator is the same, whereas the denominator is simply 1.

For p =2 we have
1 p
I 12
v = <P/12 1 >7

hence,

Det[Cy] =1 —pi,%

) } P/12 P:13
Cy = P/lz } P3|
P13 Py 1

Det[Cy] = 1+ 2p),p30h3 — pla” — Pis” — phs™.

For p = 3 we have

hence,

These results readily yield the closed-form expression

1 1 1
EMC = ~log,

o | (e~ )|
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for p = 2 tasks and

1
EMC = - log, [

5 : —Det [zgv]] (269)

1+ 2000003055 — Pia? — Pls® — Phs

for p =3 tasks, where the simplified determinant Det[X)] of the normalized
covariance matrix X} is given by

(5] — 1 1 B P
o)~ T e )
1 1
L) (L —25) (1 —aohy) (1= 273) (1 — 2oy ) (1 — AsTa)

+P12P13P2 (

- P’ B P2
(=P (1 —2k) (= %a) (=P (- (i —as) &7

Now, we suppose that all eigenvalues 1A ) are real. Under this assumption EMC
can be expressed by the spectral gaps (/11‘ — /1_,<)l. " between eigenvalues as

1 1 P2 (A — X))
EMC = | +
2202 (1= 102 (1= 22)(1— ) (1 — )

1 1 Pt = )
= —log 1+
2 2[(1 -7 (1 —/122)< =912 (1 — 11 Ap)?
10/122 (A1 — /12)2
L—p2 (1= ah)*|
(271)

1 1
= — log [1-4%] - 7 log, [1—2°] +log, ll +

for p =2, and as

1 1 1
EMC = — log, [1 — 4% — 7 log, [1-2°] - 51ogz[1 —13°]
L og, |14 £5 A1= B Pt = B ph? (= B)
2= L=k P (=) P (1—lads)
+2p'122p'132p'232 (1=22) (1 =27 (1= 23%) = (1 = L) (1 — 2d3) (1 — Aads)
p/ (1 —ﬂlﬂz)(l — 1113)(1 — /12),3)

(272)

for p = 3 using analogous simplifications. The factor p’ equals the determinant of
the covariance matrix of a standard trivariate normal distribution taking variances
¢}, = c3, = c3; = 1 and is given by
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P =1+ 200,0130h5 — pla” — pls® — phs”

Hence, if the dynamical operator A, has only real eigenvalues 1;(A,), EMC can be
decomposed into simple additive complexity factors and the factor related to the
correlations between the covariance components of C' in the spectral basis is a
simple function of the spectral gap(s).

For a process with p = 2 tasks that is asymptotically stable in the sense of
Lyapunov (Eq. 4), it is evident that the first, second and third summand in the last
row of Eq. 271 can only take values in the range [0, +00), and for different
correlations  p}, €[—1;1] the sum of the first and second summand
—1/2log, [1 — 41*] = 1/21og,[1 — A2*] is a lower bound. To gain additional
insights into the scaling behavior of EMC in the spectral gap AA = (41 — 4,) and
the correlation coefficient p},, we define another variable ¢ = (4; + 42) that is
orthogonal to AA. The Taylor series expansion of EMC in the spectral gap A1 about
the point A1 = 0 to order AA* leads to:

1 ¢ 2

For the correlation coefficient p}, we obtain the series expansion

(1 (g W) (1 (gt Azf)]
4 4

N 2A12
(4 4+ A2* — ?)logo(2)

4((1+p°) +6 = 3ply°¢°
(/’llzz - 1)(€2 —4)log;o(2)

+ )MZ +o[ad]’.

1
EMC = ) log,

pia° + 0[ﬂl12]3

about the point p}, = 0 to order p/,.

For p = 3 tasks it can also be proved that the fourth summand in Eq. 272 can
only take values in the range [0, +00) in view of the definition of the covariance
matrix. The sum of the first, second and third summands is also a lower bound.

Interestingly, the coefficient pi,>/ (1 — p,?) in Eq. 271 is equivalent to Cohen’s
#2, which is an effect size measure that is frequently used in the context of an F-test
for ANOVA or multiple regression. By convention, in the behavioral sciences
effect sizes of 0.02, 0.15, and 0.35 are termed small, medium, and large, respec-
tively (Cohen 1988). The squared product-moment correlation p’122 can also be
easily interpreted within the class of linear regression models. If an intercept is
included in a linear regression model, then p),” is equivalent to the well known
coefficient of determination R”. The coefficient of determination provides a mea-
sure of how well future outcomes are likely to be predicted by the statistical model.

Moreover, interesting questions arise from the identification of these lower
bounds. The answers will improve the understanding of the unexpectedly rich
dynamics that even small open organizational systems can generate. The identified
lower bounds can be reached, if and only if either the performance fluctuations are
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isotropic, that is, for the corresponding covariance matrix in the original state-space
coordinates the expression C = {02} -1, holds (see Eq. 250), or the dynamical
operator Ay is symmetric and the column vectors of the forcing matrix K are
“aligned,” in the sense that Ag = {c} - K holds (¢ € R or ¢ = Diag[c;] in general).
More details about the interrelationship between A, and K were presented earlier in
Section 2.3. In the following, we focus on the question of how to identify the
“optimal” spectrum of eigenvalues 4;, in the sense that emergent complexity

according to the metric EMC = % log,Det {Z}, -C ;,1} is minimized subject to the

constraint that the expected total amount of work x,,, € R™ done over all tasks in the
modeled project phase is constant. This constrained optimization problem will be
solved under the assumptions that all eigenvalues 1A) are real, it holds that A;
(Ap) > 0and the performance fluctuations are isotropic, i.e. for a process consisting
only of relaxators (see Fig. 2.6) and in which the design modes are excited as little
as possible. We therefore need to find project organization designs that could, on
average, process the same amount of work while leading to minimum emergent
complexity. A closed-form solution of the mean vector X of the accumulated work
for distinct tasks in an asymptotically stable process given the initial state x, can be
calculated across an infinite time interval as X = (Ip - Ao)71 - Xo (see Section 2.2).
The expected total amount of work x,, = Total[x] is simply the sum of the vector
components (Eq. 16). For two tasks, the above question can be formulated as the
following constrained optimization problem:

-1
: 1 ai am)T Kan a21>:|2
min —log,Det 1-4 1-2
(an1.an.az,a2) 2 & <( : |:(a12 an ? ap  ax

~1
. 1—a —a X
subject to Total 1 12 (o = Xio1-
—ay  1—axp X02

For three tasks, the corresponding formulation would be:

-1
3 ayp apz a3

1
min ElogzDet H 11— 4 21 Az a3

. i=1 a a a
({a,,}(w(lmz) 31 32 ass

S

l—an —an —an3 Xo1
subject to Total —an 1—a»n —axn | xpo = Xior-
—asi —axn 1 —as X03

In these equations, 4,[.] represents the i-th eigenvalue of the argument matrix. To
solve the constrained optimization problems, the method of Lagrange multipliers is
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used. Unfortunately, this method leads to simple and expressive closed-form
solutions that this book can only present and discuss under additional constraints.
The first additional constraint is that only two development tasks are processed.
Furthermore, both tasks have to be “uncoupled” and the corresponding off-diagonal
elements a; = 0 and a;; = 0 indicate the absence of cooperative relationships.
Finally, the initial state is constrained to a setting in which both tasks are 100% to be
completed, that is xo = [1 I]T, and in this case the total amount of work must be
larger than 2(x,, > 2). Under these constraints, it follows that the eigenvalues
A1(Ap) and A,(Ap) are equal to the autonomous task processing rates:

an 0 _ al 0 _
/11|:< 0 022>:| = d and /12|:< 0 022>:| =da.

The closed-form solution of the constrained optimization problem is the piecewise-
defined complexity function:

2
logy [~ ) 2 2 <xp <2442
— (xtot - 1)

S10% (2o = 1) = 1 if 2+ V2 < X

The corresponding equations for the autonomous task processing rates (alias eigen-
values) are

-2
oot if 2 < xy <242
a{nlin — Afnin _ Xtot .
if 2 + \/i < Xjot
Xt — 1 — \/ 2+ (xtot - 4)xtat
-2
Yo 2 if 2 < xy <242
aénzin — A;m’n _ Xtot .
if 242 < Xtot-
Xeor — 1+ /2 + (sz - 4)xmt

When we analyze the above solutions, an interesting finding is that the value x!, =

2+ \/Q ~ 3.414 of the total amount of work indicates a kind of “bifurcation point”
in the complexity landscape. Below that point, minimum complexity values are
assigned for equal autonomous task processing rates (or eigenvalues); above it,
minimum complexity values are attained, if and only if the difference between
rates (the spectral gap AA™" = A" — )miny g

min __ 2 2 + (Xtat - 4)xtot
z 2o — 1 '

min min __ ymin
a)y" —ay" =AN" =4

This bifurcation behavior of an open organizational system in which only two
uncoupled tasks are concurrently processed was unexpected. Figure 4.1 shows the
bifurcation point in detail.
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Fig. 4.1 Plot of autonomous task processing rates a;; and a; leading to a minimum EMC subject
to the constraint that the expected total amount of work x,,, is constant. The underlying closed-
form solution was calculated based on Lagrange multipliers. Note that the solution only holds

under the assumption that the tasks are uncoupled and the initial state is xp = [1 l]T, in which case
X, must be larger than 2

We also found analytical results for the constrained optimization problem in the
more general case of two uncoupled overlapping tasks, i.e. a bundle of independent
tasks where, initially, only the second task has to be fully completed, while the first
task is already completed to a level of x % and we therefore have an initial state
xo = [(1 —x)/100 1]". However, the closed-form solutions are very complicated
and, due to space limitations, cannot be presented here. It is important to note that
the piecewise-defined complexity function and the corresponding bifurcation point
are completely independent of the degree of task overlapping and only depend on
the dynamics of task processing. This is a highly desirable property of the preferred
complexity metric.

When we relax the constraint that both tasks have to be uncoupled, and consider
all four matrix entries of the WTM A, as free parameters, we find another simple
analytical solution to the constrained optimization problem. The initial state is
constrained to be xp = [1 I}T as before. However, the obtained solution is not
very structurally informative, as all four elements of A, are supposed to be equal to
(Xtor — 2)/2x101, and we have the symmetric matrix representation

1 1 1 1

Amin _ 2 Xor 2 Xor
0 1
2 X 2 Xior

From a practical point of view, this kind of project organizational design seems to
be rather “pathological” because the relative couplings between tasks are extremely
strong and one must expect a large amount of additional work in the iterations. The
corresponding complexity solution is
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Xtot

1 2
EMC,,;, = =1 Y A—— if 2 or -

It is evident that the above minimum of emergent complexity scales for x,,, > 2.5
almost linearly in the expected total amount of work.

4.1.5 Bounds on Effective Measure Complexity

To calculate the lower bounds on EMC for an arbitrary number of tasks we can
make use of Oppenheim’s inequality (see Horn and Johnson 1985). Let M and N be
positive-semidefinite matrices and let MoN be the entry-wise product of these
matrices (so-called “Hadamard product”). The Hadamard product of two positive-
semidefinite matrices is again positive-semidefinite. Furthermore, if M and N are
positive-semidefinite, then the following equality based on Oppenheim holds:

Det[MoN] (H M,,)Det]

Let M = (My; ) = (1/(1 — Ai(A )l_i(AQ))) be a Cauchy matrix (1 < i, j < p).
The elements along the principal diagonal of this matrix represent the “damping
factor” 1 — |/1,-|2 of design mode ¢;, and the off-diagonal elements 1 — Aid; are the
damping factors between the interacting modes ¢; and ¢;. We follow the convention
that the eigenvalues are ordered in decreasing magnitude in rows. Let N = C}, be
the normalized covariance matrix of the noise, as defined in Eq. 260. Then the
normalized covariance matrix of the signal 3}, from Eq. 259 can be written as the
Hadamard product X}, = MoC},. According to Oppenheim’s inequality, the follow-
ing inequality holds:

/ o Ap Mj; i1 | Det|C,
EMC:%IOgZ (Det[Z,/d) :%logz (Det[M CN]> >210g2<( =1 M) (€]

Det[Cy] Det[C}] Det[C},]
1 o1
= E]O%Z (Hi_l 1— |j”_|2>
1<
= Zl:logQ(l — 4. (273)

The lower bound according to the above equation is equal to the closed-form
solution for EMC that was obtained under the assumptions of isotropic noise
(C = {62} -I,,) and A, being diagonalizable (see Eq. 251). In other words, emer-
gent complexity in PD projects can be kept to a minimum, if the variances of the
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unpredictable performance fluctuations are equalized by purposeful interventions
of the project manager and correlations between vector components are suppressed.
Next, because of the commutativity of the Hadamard product, it holds that

EMC = Log, (Det [zjv]) g, (Det [C/NOM]> > Liog, ((H Vi) )Det M])

2 Det[Cy] ) 2 Det[C},] Det[C},]
1 Det[M]
—3lom (Det [c;v]> '

The determinant of the Cauchy matrix M in the numerator can be written as
(Krattenthaler 2005)

1 1

(VA YV Ai—2;) (ki — 4
Det[M] = Det 1 1 = H’<’( )(_ /)
L—Jodi 1—|h)> Hi,j (1= 4;)
Hence,
EMC — 1 Det C’ OM
2 %2 Tpe Det[Cy]
l</ 25) (A —2;)
Det[C’}

)

:% (Z(logz (A — ;) +1logy (4 —2;) Zlogz (1—24;) logQDet[C;V]).
<J

(274)

The lower bound on the EMC in the above equation is only defined for a dynamical
operator A, with distinct eigenvalues. Under this assumption, a particularly inter-
esting property of the bound is that it includes not only the damping factors
(1 —/1,«/1_,~) inherent to the dynamical operator Aq (as does the bound in Eq. 273)
but also the spectral gap between eigenvalues (/1,- —A j) and their complex conju-

gates (/1_, ,,1_]) We can draw the conclusion that under certain circumstances,
differences among effective productivity rates (represented by the ,’s) stimulate
emergent complexity in PD (cf. Eqs. 271 and 272). Conversely, small complexity
scores are assigned if the effective productivity rates are similar.

Additional analyses have shown that the lower bound defined in Eq. 273 is
tighter when the eigenvalues of the dynamical operator A, are of similar
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magnitudes. Conversely, the lower bound defined in Eq. 274 comes closer to the
true complexity values if the magnitudes of the eigenvalues are unevenly
distributed.

Finally, it is also possible to put both upper and lower bounds on the EMC that
are explicit functions of the dynamical operator A, and its dimension p. To find
these bounds, we considered results for the determinant of the solution of the
Lyapunov equation (Eq. 27, cf. Mori et al. 1982). Let X be the covariance matrix
of the process in the steady state, and let the dominant eigenvalue p(A¢) = max|;| of
Ap be less than 1 in magnitude (see Section 2.1). Then we have

Det[C] .
(1 - (Det[Ao}ﬁ) !

Det[Z] >
Moreover, if Aq is diagonalizable and p(AOT -AO) -C—Ap-Z -AE is positive-
semidefinite, then

Det[C]
S )

where p(AB . Ao) denotes the dominant eigenvalue of AOT - Ap. Based on Eq. 246 we
can calculate the following bounds:

p
2

-2 log, (1~ (DetlAo))?) < EMC < ~Llog, (1 - (A} -40).  (279)

The upper bound only holds if A is diagonalizable and p(AOT . Ao) C—Ap-XZ- AB
is positive-semidefinite. If C is diagonal, then p(AE -Ao) C—Ap -2 -Ag is always
positive-semidefinite. Both bounds grow strictly monotonically with the dimension
of the dynamical operator Ay and it is evident that the EMC assigns larger com-
plexity values to projects with more tasks, if the task couplings are similar. One can
also divide the measure by the dimension p of the state space and compare the
complexity of project phases with different cardinalities.

4.1.6 Closed-Form Solutions for Higher-Order Models

It is also not difficult to calculate the EMC of stochastic processes in steady state
that are generated by higher-order autoregressive models of cooperative work in PD
projects. In Section 2.4, we said that a vector autoregression model of order n,
abbreviated as VAR(n) model, without an intercept term is defined by the state
equation (see Neumaier and Schneider 2001 or Liitkepohl 2005):
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n—1
X, = ZAi “Xii1t &
i=0

The probability density function of the vector &, of performance fluctuations is
given in Eq. 13. It is evident that due to the autoregressive behavior involving
n instances of the process in the past, the generated stochastic process {X,} does not
possess the Markov property (cf. Eq. 18) and therefore neither the generalized
complexity solution from Eq. 239 nor the closed-form solution for a VAR(1) pro-
cess from Eq. 247 can be used to evaluate emergent complexity. However, as we
showed in Section 2.5, we can make the stochastic process Markovian by
“augmenting” the state vector and rewriting the state equation as a first-order
recurrence relation (Eq. 59):

X =A-X_1+& t=1,...,T, (276)
where X, is the augmented state vector (Eq. 60)

Xi
% Xt.—l

thnJrl
£, is the augmented noise vector (Eq. 61)
&t
0
0

and A is the extended dynamical operator (Eq. 62)

Ag A - Ao A
I, 0 - 0 0
i_lo o o0 0
0 O - 0 0
0 0 ... I, 0

The covariance matrix C can be written as
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C =E[é"]
cC 0 0
1o o0 0| (277)
0 0 0

The partial covariance C = E[s,e,T } represents the intrinsic one-step prediction
error of the original autoregressive process.

In light of the mutual information that is communicated from the infinite past to
the infinite future (by storing it in the present) the problem with this kind of order
reduction by state-space augmentation is that the augmented state vector X, has
vector components that are also included in the previous state vector X, ; and
therefore the past and future are not completely shielded in information-theoretic
terms, given the present state. To be able to apply the closed-form complexity
solution from Eq. 247 directly to the higher-order model in the coordinates of the
original state space R”, we have to find a state representation with disjoint vector
components. This can be easily done by defining the combined future and present
project state X ,,,_; to be the block of random vectors

XtJrnfl
% Xf+n—2
Xt+n—l = :

X
and the past project state X ,_; to be the block of vectors
X
= X
X = : 2
Xin

The calculation of the n-th iterate of X,,,_; leads to the higher-order recurrence
relation

XH—n—l = A : XH—n—Z + gt+n—l
=A (A “Xipn—3 + é:tJrth) + gl‘+nfl
2

AN 'thLnfS +A : lé:Hrnf2 + §t+n71

>

n .
"X+ Y (A)T By t=2—n.. . T—n+1. (278)
i=1

I

Under the assumption of strictly stationary behavior of {)? ,} for t — oo, we can
utilize the complexity solution from eq. 247 and express the mutual information
that is communicated by the VAR(#) model from the infinite past to the infinite
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future through the present project state by the logarithmic generalized variance ratio
as follows:

Det {ZQO (Ant (Z; Ay .c. ((A)n,,)T) (@ ")Tﬂ

1
EMC = Elogz

1
= Elogz (279)

pat| 327, )¢ (@) )] )

where the steady-state covariance X in the denominator is given by the infinite sum

As an alternative to this solution, we can calculate the mutual information between
infinite past and future histories using the additive factors method of Li and Xie
(1996). In this method, the total mutual information is decomposed into additive
components which can be expressed as a ratio of conditional (auto)covariances of
the steady-state process. This method is very appealing as it allows us to interpret
the additive components in terms of the universal learning curve A(m) that was
formulated by Bialek et al. (2001, see Eq. 224) and is explained in detail in Section
3.2.4. EMC is simply the discrete integral of A(m) with respect to the block length
m, which controls the speed at which the mutual information converges to its limit
(Crutchfield et al. 2010). When we use the block length as a natural order parameter
of the additive components, we can also easily evaluate the speed of convergence. If
convergence is slow, it is an indicator of emergent complexity (see discussion in
Section 3.2.4).

Let
Cyx(0) Cyx (1) Cix (m—1)
C, — Cx (1) Cxx (0) Cxx (m —2) (280)
Cyx(m—1) Cygy(m—2) Cxx (0)

be amp x mp (m € N) Toeplitz matrix (Li and Xie 1996) storing the values of the
autocovariance functions (Eq. 159)


http://dx.doi.org/10.1007/978-3-319-21717-8_3
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Cix (1) = E[ (%, = g ) (Kise — 1g)']
= E[X,X:LJ o MX”;
= E[XIXL‘IT]

of the steady-state process generated by state Eq. 59 (and not Eq. 276) for lead times
t=0,1,...,m—1. We know from Section 2.9 that, in steady state, the
autocovariance Cy ¢ (7) and the autocorrelation Ry ; () (Eq. 160) are equal and that
we have Cy 3 (1) = Ry 3 (7). Note that the matrix elements Cy ; (z) are defined to be
p % pblock autocovariance matrices of the corresponding subspaces. Furthermore, let

£, =Det|[E[(X,  E[f X, 1, X o)) (K- B[R [L 0 X))

be the (mean squared) one-step prediction error with respect to the steady-state
process and

£ = Det[E[(X, — ER X 1, o K] (K = ER R 1 X))
(281)

be the one-step prediction error of order m (cf. Eq. 66 in Section 2.4). According to
these definitions = u can be interpreted as the inherent prediction error of the process
that cannot be underrun, even if we condition our observations on the infinite past to
build a maximally predictive model. ¥ (m) Tepresents the prediction error resulting
from conditioning the observations on only m past instances of the process to build
a maximally predictive model, and not on all instances that were theoretically
possible. In this sense a certain error component of X (m) does not result from the
inherent unpredictability because of limited knowledge or chaotic behavior, but
because of the unpredictability resulting from a limit of the length of the observa-
tion window on the state evolution. Under the assumption that C,, is invertible, the
one-step prediction error fl(m) of order m can be expressed as the generalized
variance ratio (Li and Xie 1996):

S Det[Cm+l]
X =——. 282

"~ "Det[C,] (282)
The zeroth-order prediction error can be derived from the autocovariance for zero
lead time, and it holds that:

< (o) = Det[Cyx (0)]. (283)

Following the information-theoretic considerations of a VAR(n) model that were
carried out in Section 4.1 (cf. Eq. 238) it is not difficult to show that, for any
autocovariance matrix representation C,, with m > n, it holds for the one-step
prediction errors that
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i(m) :i(n) :Eﬂ VmZn

In other words, due to the limited “memory depth” of the generative VAR(n) model,
conditioning the current observation on sequences larger than the regression order
does not, on average, lead to further reductions of the one-step prediction error in
steady state. Under these circumstances of severely limited procedural memory the
prediction error of order n equals the intrinsic prediction error. As a consequence of
this behavior, higher-dimensional matrix representations than C, must not be
considered when evaluating the past-future mutual information. An additional
theoretical analysis of the vector autoregression model in the original state-space
coordinates allows us to conclude that the inherent prediction error equals the
determinant of the expectation E[e&] ] and that it can be simply expressed as

%, = Det[E[ee]] = Det[C].

Furthermore, in steady state the np xnp matrix C, storing all relevant
autocovariances up to lead time 7 = n — 1 equals the steady-state covariance of
the process generated by state Eq. 59, and we have (Eq. 245, Lancaster and
Tismenetsky 1985):

C, =Y A*.¢ . (AM,
k=0

where A is the extended dynamical operator from Eq. 62, and C is the corresponding
covariance matrix from Eq. 277. If needed, the autocovariances for smaller lead
times can be easily extracted as block matrices from this large representation. Based
on these theoretic considerations and the material of Li and Xie (1996), the mutual
information between infinite past and future histories can be conveniently
expressed by n additive components as

1 n—1 B 5
EMC = 2(2(105;22 0 — 1og22,,)>

i=0

1 n—1 5 B
= E(Z:logzz () — nlog22ﬂ>
i=0
n—1

1 ~ 1
= EZ{;logzi‘. @0 — EnlogzDet[C]. (284)

Each summand 1/2(log,Z ;) — log,Z,) = 1/2(log,X ;) — log,Det[C]) can be used
to evaluate the local predictability of the process. The corresponding local “over-
estimates” of the intrinsic prediction error allow us to define a universal learning

curve A(i) in the sense of Bialek et al. (2001) with respect to block length i as
(cf. Eq. 224)
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A(i) = log,Z ;1) — log,Det[C], i=1,2,...,n,

where the maximum block length is determined by the autoregression order of the
generative model. As already explained in Section 3.1.4, in light of a learning
curve, EMC measures the amount of apparent randomness at small order i, which
can be “explained away” by considering correlations between sequences with
increasing length i + 1, i +2, .. ..

Returning to state Eq. 276 for informationally separated instances of past and
future histories, we can use the first-order recurrence relation to apply the solution
principles that were introduced at the end of Section 4.1.1 and find a simple
expression for the persistent mutual information EMC(z) (Eq. 229) as a function
of the lead time 7 > 0. Substituting the steady-state covariance and the dynamical
operator in Eq. 254, we can express EMC(7) as the logarithmic generalized variance
ratio (Ay et al. 2012):

Det [i ]

Det|s — (An>r+l 3. <(A”)T)T-H:|

1
EMC(7) = = log, , 285
2

As one would expect, the steady-state covariances in the numerators of the variance
ratios related to both measures of emergent complexity are equal (Egs. 279 and
285). We note that for the inherent one-step prediction error it holds that
E[&T]| =C =% —A".5 . (4")".

Applying the principles and techniques introduced in Section 4.1.2 and 4.1.3, it
is also not difficult to derive additional closed-form solutions in the spectral basis
and other coordinate systems. We leave this as an exercise for the interested reader.

With the previous complexity considerations of higher-order autoregressive
models of cooperative work in PD projects, it is possible to analyze in detail the
differences between the EMC as originally developed by Grassberger (1986) and
the persistent mutual information EMC(r) according to Eq. 229, proposed recently
by Ball et al. (2010) as a complexity measure. In order to clarify the differences
between both measures we refer to the seminal work of Li (2006) and evaluate both
the emergent complexity of a strict-sense stationary process {X,} generated by a
VAR(n) model, and the emergent complexity related to the model in conjunction
with a causal finite impulse response (FIR) filter (see e.g. Puri 2010) of order
m(m > 1). Each of the output sequences of such a filter is a weighted sum of the
most recent m filter input values:
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m
y= Zbi “Xpi

i=0

The b,’s denotes the filter coefficients. The transfer function of the FIR filter is
denoted by H(z) (cf. Section 4.2.1). It is assumed that the filter has all its roots on the
unit circle. We pass the VAR(n) model outputs x, through the filter to obtain the
output sequence y,. If m > 1, according to Li (2006) it holds that the EMC” related
to the stationary filter output y, is not finite:

EMC? — oo.

However, the corresponding persistent mutual information EMC”(m) is finite and
equal to the effective measure complexity EMC” of the steady-state process that is
filtered:

EMC’(m) = EMC".

Li (2006) proved these properties for arbitrary stationary Gaussian processes. His
theorems also show that zeros on the unit circle can easily cause EMC to be infinite.
For instance, even for a simple first-order moving average process {X,} (a so-called
MA(1) process, see Section 4.2.1) generated by state equation

X =& — &
the corresponding effective measure complexity

EMC — oo

grows over all given limits (Li 2006). Nevertheless, the persistent mutual
information

EMC(1) < o0

for lead time one is finite. Hence, in cases where we have a transfer function in the
form of a polynomial of degree m that has all its roots on the unit circle, the
persistent mutual information EMC(z) according to Eq. 229 should be used instead
of the original formulation of the EMC. However, these cases are extremely rare in
project management.
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4.2 Closed-Form Solutions of Effective Measure
Complexity for Linear Dynamical System Models
of Cooperative Work

4.2.1 Explicit Formulation

According to the analytical considerations set out at the beginning of Section 4.1, the
EMC of a linear dynamical system (LDS, see Section 2.9.) as an advanced model of
cooperative work in PD projects, which is defined by the system of equations

Xip1 =AX, + &
Y[ = HX[ + 17

with & = N'(£0,,C) and v, = N (1,0, V), can be expressed by the continuous-
type mutual information /[.;.] as

EMC=1[Y=L;Y{]
o]

— —1 00 1
Jf[yfooay() ] ngf[yi;o]f[yﬂ y,oo .

(286)

In contrast to the previous chapters we have not written the multiplication symbol
“” between a matrix and a vector explicitly in the above equations. We will use this
more compact notation here and in the following chapter to save space and simplify
the interpretation of longer terms. Their meaning should always be clear from the
context.

The function f [y:u designates the joint pdf of the observable infinite
one-dimensional history. Similarly, the function f [ygo] represents the corresponding
pdf of the observable infinite future.

It is important to point out that if, and only if, the joint pdf of the past f [y‘foo] and
future f [y(ﬂ histories of observations reach the same steady state, the evaluation of
the infinite-dimensional integral yields a finite value. Otherwise, the integral will
diverge, as will become clear below. This is possible if the covariance for the initial
state in the infinite past with pdf given by fx_.] = (x;; u, o) equals the one in the
steady state X, i.e. the one that satisfies the Lyapunov criterion

T =ApZA, +C

from Eq. 27. If the initial state is in steady state, then its expected value is the zero
vector u = 0.

In what follows we will therefore assume that the hidden Markov process {X,} is
strict-sense stationary and that in steady state a stable distribution f[x,] is formed.
From the state-space model, the following normal distributions can be deduced in
steady state:
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fla] =N(x;p,X)
f[xv‘xvfl] :N(XWAOxufl,C)
f[yV|xv] = N(y,; Hx,, V).

Before we proceed, note of the following: if only the observations y, are available, it
is always possible to introduce an arbitrary invertible transform T so that the model
for the observations Y, = HX, + v, remains unchanged if H' = HT, X; =T7'X,, as

Y, = HX| +v
=HTT'X, + v,
= HX, + v. (287)

For example, one could choose a whitening transform, cf. Eqs. 156, 157 and 158,
X! = A;'2U"X, for the hidden-state process which leads to a covariance of the
performance fluctuations equal to the identity matrix C = I,. However, in the
subsequent derivations, we will continue to use a general covariance C to clarify
the interrelationships between the random performance fluctuations and emergent
complexity. Following the notation introduced in Section 2.9, we will use the (long)
vector y>_ of the stacked variables y*_, ie. y*_ = (y7,---yL)" in what
follows. The vectors y~! and yg° are defined accordingly. We also add subscripts
and superscripts to the quantities V, C,At, b to mark the corresponding time step.
The three joint pdf’s in the general definition of the EMC are given for the Gaussian
density model (see Eq. 134 in Section 2.9):

f[ = ]Zc ~ Ex {_1( 00 )TVoo o0 }(2”)Atxx_q/2Ex [—(boO )T(Cm )ﬂboC
RS V2 p 2 V- BRSNS SIS \/m p AN —00 —00
(288)
Al q/2
Pl = Bxp |~ 072) Voot | T ) e )
2 DetC:;O 2
(289)

(27[)A18°q/2

1 1 _
F¥]=cyExp [—z(yg‘J‘)Tngng} WEXP [z(bgO)T(ch) ‘bgﬂ . (290)
0

Within a direct calculation of the EMC, given by the integral 286, here are two
possible paths: One involves splitting the integral into two parts:
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[[Y:ow YOC} = Jf[y:!,o7y8°]log2 [}Eyzo]w)fo }] dy‘iooc

Jf[y_wyo Jog, £ [y=10, v dy>,,

- [ £l or s oL Dl

The other involves leaving the integral as a whole, computing first the ratio
f [yic ] / ( f [y:éo] f [ygo]), and then carrying out the integration at the end. The
latter approach will lead to an implicit formulation of the EMC. We will pursue this
in Section 4.2.2.

For now, we will follow the first path, which will lead us to a result for the EMC
in an expressive form given by the (logarithmic) ratio of the product of the
determinants of the covariances of the joint pdfs of the past and future histories
and the determinant of the covariance for the whole history. These covariances are
infinite-dimensional in principle, but we will see, numerically, that low-dimensional
approximations come very close to the asymptotic result. The smallest possible
dimension, i.e. if only two time steps are involved, leads to a simple yet meaningful
approximation, which will be discussed in more detail below.

For the first term we can use the result for the differential entropy of a Gaussian
variable, see e.g. Cover and Thomas (1991),

Jf i v log, f [y=he v dy>,, = *%logz((Zﬂe)’M*) - %logz (Det (Cy)(io)-

The second term can be computed as follows:

[ bt og o) b=

Brp| 570 ((€)1) v 508 (@) v
V2" [Det (¢,) L Det (€,);

1 — 1 0 0 1 o
=3 [Ty () ey, ~ oy (2

= [7Dioe:

1 - 0
—Elogz (Det (Cy)ichet (Cy)o ) ,

with
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The integral in the first summand of the above equation yields

1 1 1 1 ~
11
iﬁ”“

= 5logze”mofm7

where we used the fact that (Cy) iooo can be partitioned in a 2 x 2 block matrix, in
which the upper left block equals (C y) :;C and the lower right block equals (C y)go, as
can be seen from the block Toeplitz structure of the covariance of the observations.
The matrix product C- (C y) icoo then has only ones on the diagonal and it is easy to

evaluate the trace. Finally, by combining the individual results, we obtain

_ 1 Det (CY):;Det (Cy)o
- Det (Cy ) iOoc

(291)

Note that this result has been obtained in a more general context by de Cock (2002),
see Eq. 295. The matrices are infinite dimensional, which makes this result imprac-
tical for direct use. However, we found in simulations that for a moderately small
number of time steps At =1, —t; + 1 of either the past or the future (the total
number of time steps involved is then 2A¢), the value for the EMC tends to its
asymptotic value (see Fig. 4.2).

As we have shown in Section 2.10, the likelihood of the observation sequence
{y,}; is invariant under an arbitrary invertible transform ¥ € R?*¢ with Det('¥)

= 1 transforming the set of parameters as x; = Wy, 776 =Y x, A{) =Y A, pl
C=YCY, I,=%T,¥", H =HWY ' and V' = V. Therefore, the system
matrices can not be identified uniquely.

However, the emergent complexity is invariant under this parameter transform,
as easily proved by using the expression for the EMC from Eq. 291:

C/y = IAt ® V+ (IAI ®HI)C, (IA ®H/T>
=I1p®V+ (Ia @HY ") (15 @ ¥)Cx (I @ ¥T) (I @ ¥ THT)
=In @V + (In - 1ar) @ (HY W) Ci(Iar - Ia) ® (P"YTHT)
=Ia®V + (In @H)Cy(Ia @ HY)
=C,.

This general result holds for the covariance of any observation interval, in particular

for (Cy):;, (Cy)y - (Cy)~_ . and, therefore, the EMC remains unchanged.

Surprisingly, the smallest possible value At = 1, i.e. if we consider that just
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1.5
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logyo(EMC)

Iy
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At

Fig. 4.2 Calculated values of log;o(EMC) for five different, randomly chosen system matrices A
and H and varying number of time steps At

-1 0
EMC() — llogz Det (Cy)qDeOt (€)o
2 Det (C,)"

1

leads to a result that is very close to the asymptotic value (see Fig. 4.2). In this case,
which we can call a first-order approximation, a very simple closed-form expres-
sion for the EMC can be derived. The covariances for a single time step are given by

) =C)e=heV+ I oHC(I ©H")
=V +HCH"
=V +HIH".

For two time steps we have

), =LeV+LoH)C(LoH")

_(v O>+(H 0)(2 EAOT)(HT 0 )
“\0 Vv 0 H)\AxZ V 0 HT
_(V+HZHT HZAJHT )
“ \HAZH" V+HZH")

The determinant of covariance of the two time steps can be simplified using a
formula for the determinant of block-matrices,
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Det (Cy)", =Det (V+ HEH" ) Det (V+ HEHT ~HEATHT (V+HEH") ™ HAEHT),

and we obtain the following first-order approximation for the EMC:

Det (V +HZH")
Det (V + HEHT — HEATHT(V + HEH™) " HA0ZHT )

1
EMC() = Slog,

1 - _
= —log;Det (1,, — HEATH" (V + HEH") ' HAGEH" (V + HEH") 1).
(292)
Interestingly, this approximate result can be derived if one starts from the assump-
tion that the Markov property holds in steady state for the observable process, and
we have
FARS Tl 4 P 1 Y L2 OO Y Y s R AR TR PR A N

FIyh ) = sol f [y —oost [Yose) - FIy_aly_al
T =Dl ilyol - F ool Yoot

Hence, the expression for the EMC reduces to

Flyoly_i]
F Dol

:J J Fly=hes ¥ oga fyoly_1ldy=Lodyy
ye \'ed

Mrtorg] =[] rbrtsslion B alayt ayg

—J = J FIv=ie y5 ) logs flyoldy L dyge

yr  Jyr

:J J long[yo\yflldyfldyO(J J f[yilc,y?]dyfwudyfzdyl-~-dyoo)
yrJyr yr o Jyr

—J 1082f[Y0]dY()(J J f[yilo,yﬁdy_mmdy_ldyl~-~dyoo>~
Y? yr  Jyr

Exploiting the relations for the marginal probability densities, we obtain:

Y= Y5 = L{pf -1 Yolloga flvoly-i]dy_1dyo — L{pf [vollogaf[yoldyo

:j f[y,l]dy,lj FDoly_1log f[y0|y,l1dyo—j Flyollogs Flyoldyo.
y? \'44 yr

The probability density for the observable variable Y, can then be expressed as:
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£l = | o,
- j £ Ly, fbald,
x?

= J N (y,;; Hx, VIN (x5, Z)dx;.
xP

In order to solve the above integral, it is useful to apply the following transforma-
tion formula for normal distributions:

N (y; Hx, VIN (x4, ) = N (y; Hu, )N (x; 5+ W(y — Hu), £ — WSWT)
with
S=HIH"+V and W = ZH'S.
Hence, we obtain:
f) =N (v Hu HEH + V).

For the calculation of f [yo|y_,] = f[y_y, yo]/f[y_i] we insert the hidden statesx_,
and x; and exploit the Markov property

: _ Sy 1 Yo, X1, %0]
flvolyoi] = L«L« Ay e
= [ || Al sl ol e
x¢Jx
Because of Bayes theorem
_ Sy bl
Fheaba ===
we find
f[)’o‘)’—l]
:;J J Fleaalfly_1 1] fxolx—1]f [yolxoldx_1dxo
Fly-il)xoJxo -
1

:mj J N, Z)N (y 3 Hx 1, V)N (xo;Aox—1,C)N (yo; Hxo, V) dx_1dxy.
—1JJRIIR

First, we transform the first two Gaussians as:
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N, DN (v_ysHx, V) = N (y_ s Hu, HEH' + V)
XN (x_i;0+W(y_ — Hu),Z — WSWT),
with
S=HZH" +VandW =XH'S".
The first Gaussian on the right hand side cancels f[y_,]. The second Gaussian on the
right hand side together with the third Gaussian A (xo; Apx_;, C) from the previous

expression for f [yo} yfl] yields:

N (x0; Agx 1, O)N (x 15 + W(y_y — Hu),Z — WSWT)
= N (x0; Ao(p + W(y_, — Hu)), Ao(E — WSWT)A + C)N (x_1;%_1,C")

with some inconsequential mean X_; and covariance C'. After integration with
respect to x_; we have:

Flyoly-i] :J N (xo;40 (u+W (y_ 1 —Hp)), Ao (E=WSWT)AT +C)N (yo:Hoxo,V)dxo.

R?

Again, by transforming the two Gaussians we can carry out easily the integration
with respect to x and obtain:

Fvoly_1] = N (vo; HAo (1 + W(y_, — Hu)), H (Ao (E — WSWT)AT + C)HT + V).

Using the fact that the differential entropy of a multivariate Gaussian distribution
N (x;pu,C) is given by

1
7,|\]R‘1N(x; H, C)logzN(X, Hs C)dx = EIOgZ (27[6) pDet[C]v
we arrive at the known first-order approximation from Eq. 292 for the EMC:
EMC!) = ElogzDet [HEH" +V] - E1og2Det[D],
with
D=V +HSH" — HEATH" (V + HEH") ' HAEH" |

It is evident that in the case of H = IandV = {0}],, we obtain the same result as we
did for the VAR(1) model (see Eq. 246).
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For small covariance V, i.e. if the eigenvalues of (H ZHT)AV lie inside the unit
circle, we can expand
- _ ol
(HEHT +v) " = (HzHT) " (1, + (HEHT) V)

~ (HH™) ™" (1, = (HzHT) 'V
and arrive at an approximate expression for D:
D=H(AoH 'H " '"H 'VHEA, + C)H" + V.
Assuming furthermore V = {62 }1,, we obtain:
=H({o} }AcH '"H "Ag + C)H" + {07 }1,.

Following the procedure from Section 4.1.2, we can also express the first-order
approximation for the EMC as the signal-to-noise ratio:

1 _ .
EMC") = —log,Det |1, — HASH" (HEH" + V) ' HE"AJH" (HEH" + V) 1}
1
~ Slog, (Det Iy — HAGEHT (HEH" + V)" HE"ATHT (HEH" + V) D

1 1
— 5log,Det (1,, HAEH" (HEH" + V) HETATHT (HEH" + V) ™") }

Mg

: 1\ k
Sowon[SSpnsitm gt )
2 | =0
: Y T T T, TyT T —1\k
= SlogyDet |1, + > (HAZH" (HEH" + V) "HETAH" (HEH" +v) '),
k=1

(293)

The above derivation is based on the von Neumann series generated by the operator
HAoEH" (HEH™ + V) "HETATH™ (HEH" + V). The von Neumann series gen-
eralizes the geometric series (cf. Section 2.1). The infinite sum represents the
signal-to-noise ratio.

The closed-form solution from Eq. 286 also allows us to develop homologous
vector autoregression models for linear dynamical systems. Fort — oo these models
generate stochastic processes with equivalent effective measure complexity, but the
state variables are completely observable. In this sense, the homologous models
reveal all correlations and dynamical dependency structures during the observation
time and do not possess any kind of crypticity (Ellison et al. 2009). To make this
possible we usually have to use a higher dimensionality p > g. We start by focusing
on homologous VAR(1) models with dynamical operator A’O’ and covariance matrix
C" that are defined over a p-dimensional space R” of observable states Xf :


http://dx.doi.org/10.1007/978-3-319-21717-8_2
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Xh=AlX" +el o t=1,...,T,
with
e ~N(0,,C".

Assuming that the performance fluctuations represented by the homologous model
are isotropic and temporally uncorrelated, ie. &~ N(0,,{c?}],) and

E[e,” (85}')T:| = ("), we can construct a dynamical operator A} representing a
large variety of cooperative relationships. The preferred structure of relationships
must be determined in the specific application context of complexity evaluation.
According to the analysis in Section 4.1.1 only two constraints must be satisfied:
(1) AS must be diagonalizable and (2) for the weighted sum of eigenvalues l,»(Ag), it

must hold that (cf. Eq. 251):

1¢ m2) 1 Det (Cy):;Det (Cy)go
~ Zl:logz (1-2(48)") = 3o —2= T

1 - 00 0o
= E(logzDet (cy) _;Det (Cy), — log,Det (Cy)_oo)'
(294)

It is evident that the most simple homologous model can be constructed by setting
the autonomous task processing rates as diagonal elements of Ag to the same rate a,
ie. Ag = Diag[a,...,a]. For this structurally non-informative model, the
corresponding stationary stochastic process communicates the same amount of
information from the infinite past to the infinite future, if

a= \/1 _ 2—%(10g2Det (C),):;Det (Cy):—logzDet (C‘)(:c) )

The above equation also holds for homologous models with non-isotropic fluctua-
tions, because all tasks are processed at the same time scale.

Finally, we can develop a homologous model that is defined over a
one-dimensional state space. This model is termed an auto-regressive moving
average (ARMA) model and is characterized by the following linear difference
equation (see e.g. Puri 2010):

Y, = Zp:aiytfi + Eq:biUtfj-
i=1 =1

The input of the model is Gaussian white noise with variance 62 =1, ie.
U ~ N(0,1). This model is notated ARMA(p,q) in the literature (note that in
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this notation the variable g does not denote the dimensionality of the observation
vectors Y;; it denotes the number of inputs U,_; driving the process). It is evident
that an ARMA(p, ¢) model can be rewritten as either a VAR(p) model of order
p (Section 2.4) or an LDS(p, 1) model (Section 2.9) (see e.g. de Cock 2002). It is
not difficult to show that for a stable and strictly minimum phase ARMA(p, q)
model the effective measure complexity is given by

Hzp,qull_a’ﬁf‘
Hz; 1|1 ala/‘H , j=1 ﬁ’ﬁ/

Psq
(Zlogzu aif;| - Zlogzl—ala,|+210g2!1 ﬁﬁ,})

1
EMC = Elog2

where the variables ay, ..., , denote the roots of the polynomial a(z) =z +a;
P74+ ... +ap,and B, ..., B, the roots of the polynomial b(z) = 27 + byz4~' + ...
+by (see e.g. de Cock 2002). These polynomials are the results of the z-transform of
the difference equation of the ARMA( p, ¢) model. The well-known transfer func-
tion H(z) from control theory is the quotient of these polynomials. Since the poly-
nomials are real, the roots are all real or come in conjugate pairs. Hence, for the
poles ay, ..., a, and the zeros f, . . ., 8, of the transfer function H(z) of the homol-
ogous ARMA( p, g) model, it must hold that

<Zlog2|l aif;| — Zlog2|1 — o} +Zlog2|1 Bpi y)

iy, ] iy J iy J

1 - 00 00
= E(logzDet (cy) _;Det (Cy)o — log,Det (CJ‘)—oo)‘
4.2.2 Implicit Formulation

Interestingly, the sophisticated closed-form solution of EMC from Eq. 286 that was
obtained through the evaluation of the infinite-dimensional integral of the
continuous-type mutual information (Eq. 286) can also be written in a structurally
rich implicit form. This form is based on the seminal work of de Cock (2002). The
implicit form is especially easy to interpret because its independent parameters can
be derived from solutions of fundamental equations. In order to derive the implicit
form of de Cock (2002) we work with the “forward innovation model” from Section
2.9 (Egs. 164 and 165):

X/, onX +Kn,
Y, = HX/ 41,

According to de Cock (2002), the effective measure complexity can be expressed as


http://dx.doi.org/10.1007/978-3-319-21717-8_2
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EMC =1[Y_;Y{]
- —%logzDet 1 - 26 +20)7 (295)
The covariance matrix £ is the solution of the Lyapunov equation (cf. Eq. 167)
/= AgxfA] +KSK".
In the above Lyapunov equation
K = (G’ — A=/ H") (Cyy(0) — HE'H") ™
is the Kalman gain (Eq. 169) and
S = Cyy(0) — HZ'H™.

is the covariance S, 1, (Eq. 168) of the single-source performance fluctuations 7, for

t — co. Hence, we have the following algebraic Riccati equation for ¥ (van
Overschee and de Moor 1996):

2 = AT/ AL + (GT A= HT) (Cry(0) — = HT) ' ((67) —HE/HT). (29)
The additional covariance matrix G, from Eq. 295 satisfies the Lyapunov equation
G. = (Ao —KH)'G.(Ag —KH) + H'S"'H. (297)

An important finding of de Cock (2002) is that the inverse aggregated covariance

matrix (G, ' + /) ! is the solution of another Lyapunov equation

¥ =424, +KSK'
= ATS’A +KSK',

which is related to the backward innovation representation of the corresponding
backward model (Egs. 178 and 179):

—b — =b =
X,_, =AoX, +Kpn,

Y, = ﬁ)_(," +17,.

Substituting the Kalman gain K (Eq. 181) and the fluctuations covariance
S = E[ﬁ,ﬁ,T ] (Eq. 182) in the Lyapunov equation for the backward innovation
representation leads to the following algebraic Riccati equation for the back-
ward state covariance matrix:
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- - _ _ o n-I\T
£ = AT+ (HT - ATE'G) ((HT -~ ATE'G) (Cry(0) - GE'G) )
— _ _ =T _ T
= AT A0+ (HT = ATE'G) (Crr(0) - GTE'G) (T - ATE'G)

= AT Ao + (HT — AT E”G) (CYY(O) — GTE”G) - (H - GTE”AO).

(298)
Hence, the most intuitive solution is obtained (de Cock 2002):
Iy=L; vy = —%logzDet [[q -3 (G + Zf)fl}
- —%logzDet 1, - ='%). (299)

According to Sylvester’s determinant theorem, this solution can equivalently be

oy -1
expressed based on the signal-to-noise ratio SNR = G, ((Ef ) l) , and we have:

1y}

—00)

1 -
Y5] = —3logyDet|1, — '3
I
= 5log,Det 1, + G.x/]

= %logZDet [Iq + ZfGZ] .

The standard numerical approach to solve the forward Riccati Eq. 296 is to solve
the generalized eigenvalue problem

Ay —H'(Cy(0))'G" 0\ (w, I,  —H"(Cw(0)'H \ (W,
P LU T = p 1y A
-G (ny(O)) (G ) Iq W, 0 A() G (ny(O)) W,
and compute the covariance matrix ¥ as

> =wowil,

see, e.g. van Overschee and de Moor (1996). The complementary backward Riccati
Eq. 298 can be tackled by solving

Ao—G(Cry () 'H 0\ (W1 _ (1 —G(Cyy(0))'HT W,
( 0HT(CYY(O)) 'H Iq)<W;) - (o AJ—HT(CYY(O»I(Gf)T) <W2>A

and computing the covariance matrix X as



4.2 Closed-Form Solutions of Effective Measure Complexity for Linear Dynamical. . . 273

Eb = WQW?I.

It is evident that the same numerical function can be used in the preferred
programming language to solve the above generalized eigenvalue problems.
This function must be called for the forward Riccati equation with the argument
(Ao, H, d,c yr(0)), whilst for the backward Riccati equation the argument must be
(A5, (G H", Cyy(0)).

Similar to the canonical correlation analysis of the basic VAR(1) process in
Section 4.1.3, we can diagonalize the forward and backward state covariance
matrices obtained by solving the algebraic Riccati Egs. 296 and 298 simultaneously
and bring them in a form called “stochastic balanced realization” (Desai and Pal
1984). A stochastic balanced representation is an innovations representation with
state covariance matrix equal to the canonical correlation coefficient matrix for the
sequence of observations. Let the eigendecomposition (cf. Eq. 22) of the product of

. . <b . .
the state covariance matrices /X be given by the representation

/T = MA,M!
A} = Diag[%(2T)] 1<i<q,

where the eigenvector matrix M is picked as
—12 ]/2
M = UEbAE,, UsrAy-

The matrices UE" and Afh can be specified by the eigendecomposition of ¥ as

—-1 _ b
UphgUg! =%,

and for Uy it holds that

b

ZI

Us/ AU} = ASUZ'S!

Furthermore, let the forward state that is subject to the simultaneous diagonaliza-
tion of the state covariance matrices be

x4 =r1x/
and the corresponding backward state be
X' =1%"

with the coefficient of the similarity transformation


http://dx.doi.org/10.1007/978-3-319-21717-8_2
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T=M"

)

then in steady state it holds for the expectations (Desai and Pal 1984) that:
d T vd (vd T
E[xt ()] = an = E[X (%) |

Hence, the stochastic balanced representation allows us to make the dependency of
the effective measure complexity on the eigenvalues of the product of the state

. . b .
covariance matrices /X explicit:

1y}

—00?

201

—flogzDet 1, - /%]

I
|
S
—
Q
ae
)
=
~/~
—
|
})
//~
g/
<,
]
>
—
N—

(300)
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|

N —
5‘
aQ
&

In the last line of the above equation the p;’s represent the canonical correlations,
which were already introduced in Section 4.1.3 (cf. Eq. 265) to analyze emergent
complexity based on a reduced number of independent parameters. In other words,

the eigenvalues of /T are simply the squares of the canonical correlation
coefficients between the canonical variates. However, it is important to note
that in contrast to Section 4.1.3 the infinite random sequences representing the past
Xpaw = (X7 -+ X7, XT,)") and fuwre X, = (X7 X7 - xT)"
histories of the hidden state process are not the subject of the canonical
correlation analysis, but rather the canonical correlations between the pair

((YTOC TR AN 4 )T, (YOT yro.. YOTC )T) of past and future histories

of the observation process {Y,} are considered to evaluate complexity explicitly. Due
to the potentially higher dimensionality of the state space of the hidden state process
(¢ > p), all g complexity-shaping summands log,(1 — p,?) that can give rise to
correlations between observations of the project state must therefore be considered.
The reduced dimension of the observation process is usually not sufficient, because
apart from organizationally retarded cases not only the p but also the ¢ leading
canonical correlations are non-zero. The observation process is not necessarily Mar-
kovian and therefore the amount of information that the past provides about the future
usually cannot be “stored” in the p-dimensional present state. However, because of
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strict-sense stationarity of the state process, all p;’s are less than one. The canonical
correlations p;’s should not be confused with the ordinary correlations p;; and pﬁj,
which were introduced in Chapter 2.

As an alternative to the use of the stochastic balanced representation of Desai
and Pal (1984), a minimum phase balancing based on the scheme of McGinnie
(1994) could be carried out. The minimum phase balancing scheme allows us to
find a forward innovation form of the LDS model in which the state covariance
matrix 3 (Eq. 296) and the covariance matrix G, (Eq. 297) are equal and diagonal.
Let

Ap =Diagle;] 1<i<g

be this diagonal matrix and o; the minimum phase singular values of the dynamical
system. Under these circumstances, we simply have

q
1Yy=L;vy] = —%Z log, (1 — 6%). (301)
i=1

A structurally different implicit formulation for the EMC can be obained when we
compute the integral in formula 286 directly. Plugging the results for the joint pdfs
of the past, the future and the whole observation sequence into the general expres-
sion for the EMC from Eq. 286, the ratio of the whole pdfto the ones of the past and
the future histories is given by:

=] cye \/Det C-! \/Det Cy
FILFDE] e /Det C=_

1 00 oo\ TR0 1 - — -1 1 o] AT N
Bxp 50" (€%) b, 507" (C L) bk 08 (@) g
1
= -Exp[i(yfw)TByicw} (302)

The constant ¢ is defined accordingly. As we can write
b = (1o HTV )y,

we defined the covariance matrix

B=(I®V 'H) ((cocoo)l _ l(c—lc)l

0 )

)(1®HTV").

Inserting Eq. 302 into the general Eq. 286 leads to
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1
IYZL:Yy] = Jf [vZL, 5 ]log,c1Exp {E(y’“"’m)TBy‘”oo} dy>,

1
= Jf (Y2l ¥3 Jlogycrdy™, + Ejf v (v2) ' By, dy™...

Using the fact that the joint pdf is normalized to one and some well-known results
for Gaussian integrals, we obtain

1[Y=L; 7] = logyey +LTr[B(vi° -5 (303)

o0’ In2 o0~ P00

where
B =V 'H)(C*)  (1eHV").
Using the Woodbury matrix identity (Higham 2002, Eq. 148)
A+UCV) ' =A" —AU(CT +VAT'U) VAT,

we can calculate

(Ve -B%) " = ((1® v - (tev'H)(C=,) (1®HTV*‘))71
=(lov ) —(ev) eV 'H)
-(—c‘io +(IoHV ) (1ev ) (I V—IH))_l
(ToH V) (Iov ")

Using the identities (A @ B) ' = A~' @ B! and (A ® B)(C ® D) = AC ® BD, we
find

Ve, —B>) ' =1eV+(IoH)(C*, —TxHV'H) " (1eH)
=10V +(IoH)((C)*,) " (1oH).

oo

We note that the above expression equals the inverse of the covariance of the
observed states y>° .
The first part of the constant ¢; can be evaluated directly:

Dotz \/Det C~L \/Det C°
o= e o . (304)
Det C /Det C=_

whereas the second part containing the determinants can be solved as follows: first,
we observe that we have
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\/Det cL \/Det Cy = \/Bgt—C:EC;,

where the covariance C*_ is given by

0 0
clooo0 :
CNCE;O: A 0 0
0 ey
B, A
AT B
B A
_ AT BA[ A
- B, A
AT B
B A
AT By,
C ., differs from C>_ given by
B, A
AT B
B A
o AT B A
—0 AT B A
AT B
B A
AT By,

only in three blocks in the center. If we introduce a vector e, = (0---010---0)"
which has only a one at the position corresponding to time step ¢, then e,—ejT is a
matrix that has zeros everywhere except at postion 7, j. Accordingly, (e,»e}) RAisa

block-matrix where only the block i, j contains the matrix A. With these prerequi-
sites we can write
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A 00 00 Bix, — B 0
C—oo:C—oo+(eOe(;r)®<( A_tAT ) BI—B)’

where ¢ is chosen to select the central four blocks of C> - Using the identity for
Kronecker products

AC ® BD = (A ® B)(C ® D)

we get

-~ . By — B 0
exo=enr(wn (P L0 ,)) o).

Using Sylvester’s determinant theorem, which states that for matrices A € R™*",
B € R™™ X € R™™ it holds that

Det (X + AB) = Det (X)Det (I, + BX'A),

we obtain

Det (C*, ) =Det(C*, )Det (12q+ (ed @l (C=,) ™" <e0® <(BfA_TB ) BIO_ B) ) ) :

In the second term of the right determinant, only the central blocks of C*_
contribute. They are denoted as

o A L X() Xl
((Cfoo) )i:{—l,o},/’:{—lvo} - (XIT X0>.

Note that C*__ is symmetric and that the blocks along the diagonal are contant in the
asymptotic regime. Finally, we get

/et €L /Der G \/Det zzq Xy X1)<BA"B 0 )).<305)

/Det C°_ XF Xo -AT B, -B

Using the fact thatB; — B =X~' — C™',By, — B = —AJC7'Ag, and AT = —C'A,
an expression for the constant c; in terms of the system matrices then reads:
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. Det ot (X1 —XoAg)C'Ay X4 c)
B N )

Next, we turn to the second term in the expression for the EMC, Eq. 303. The matrix

B consists of the difference of (C*_)”" for the whole time axis and (C:io)_l

+ (Cg")_l for the past and the future of the observed process. Evidently, the matrix

. . -1 .. . -1
for the whole time history (C‘foo) coincides with the one for the past (Ciooo) at
least from the infinite past until a certain point of time in the past, where the later
matrix elements are still in the asymptotic regime. For later times until t = —1, the

. EEERNSS I . . . .
matrix (C lc) is characterized by the transition regime due to the transient phase
in the recursions for N;. This is illustrated in Fig. 4.3 where the transition regimes
are shown in yellow. Slmllarly, the matrix corresponding to the future observations

(Co ) deviates significantly from the one for the whole time history only in the
beginning and up to some finite point in time in the future (we assumed that the
whole process is in steady state and that the covariances of the initial states are
equal). Furthermore, the matrix elements decay exponentially in the direction
perpendicular to the diagonal. Therefore, the contributions to the sum in Eq. 303
only come from the finite area enclosed by the red lines in Fig. 4.3.

Altogether, in order to numerically compute the EMC given the system matrices,
one has to calculate the invers matrices of C and C; for some sufficiently large order
At, where the asymptotic regime has been reached in the center. The corresponding
matrix elements can then be plugged directly into the final result.

Fig. 4.3 Structure of —o -J -10 o
inverses of C>_ C:OC,
Cy’: only in the area

enclosed by the red lines do
the in.verses differ and €®,)"t = (c-L)t
contribute to the EMC \

Transition regime for C-&
-1
0
Transition regime for Cg°

(€& = (™
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Using some of the results obtained so far, we can now simplify the general result
Eq. 286: We use the results for the normalization of the joint pdf, which we obtained
by integrating over the hidden states. The ratio of the normalization constants of the

joint pdf’s was denoted as
e /Det C~! /Det CY
Cy:i((/}o A/ Det Ciooc .

Alternatively, the ratio can be expressed directly in terms of the determinants of the
corresponding covariances:

) V/Det (¢) L \/Det ()5 . (307)

Det (Cy)™

o]

1=

Therefore, we can finally write the closed-form solution as

1[YZL: Y] =logycy

/De ( —XoAg)C Ay X (Z7'=C")
\/Det 12" (XofX TAT)C™'Ag Xo(27!'—C7Y)

2 gzD CDet(] +Xo(Z' =C))
Det (I, + (X1 = XoAT)C A= X1 (Xo + (27 =€) ™ (Xo = XTAT)C 40 ).
(308)
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